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MUSING 


M aths Musing was started in January 2003 issue of Mathematics Today. The aim of Maths Musing is to augment the chances of bright 
students seeking admission into IITs with additional study material. 

During the last 10 years there have been several changes in JEE pattern. To suit these changes Maths Musing also adopted the new 
pattern by changing the style of problems. Some of the Maths Musing problems have been adapted in JEE benefiting thousand of our 
readers. It is heartening that we receive solutions of Maths Musing problems from all over India. 

Maths Musing has been receiving tremendous response from candidates preparing for JEE and teachers coaching them. We do hope 
that students will continue to use Maths Musing to boost up their ranks in JEE Main and Advanced. 


^>ROBLE/ty 

Set 173 


JEE MAIN 


1. Ajar has 6 red marbles and 6 blue marbles. Anil picks 
two marbles at random, then Balu picks two of the 
remaining marbles at random. The probability that 
they get the same colour combination, irrespective 
of order, is 

4 


(a) f 


(b) - (c) — 

9 11 'll 


(d) A 


The locus of the middle points of chords of the 
circle x 2 + y 2 = a 2 passes through a fixed point ( a , b) 
is 

(a) x 2 + y 2 - ax - by (b) x 2 + y 2 = ax + by 
(c) x 2 - y 2 = ax - by (d) none of these 


Till 

J 


dx 


6,-6 

0 cos x + sin x 


4. 


<•>! 

16 

x (-i y 

r =0 


(b) n 
^ 24 ^ 


(c) 


3n 

2 


(d) 2n 



^24^ 


^24^ 


(iX 


(liT 

(a) 

v 8 . 

(b) 

A, 

(c) 

l 8 v 

(d) 



5. If a lt a 2 , a 3 , .... and b 2 , b 2 , b 3 , ... are two A.P.s, 
ajfrj = 120, a 2 b 2 = 143, a 3 b 3 = 154, then a 8 b 8 = 

(a) 29 (b) 129 

(c) 229 (d) 329 


JEE ADVANCED 


COMPREHENSION 


ABC is a triangle right angled at A. Points D and E are 
on the side AC such that DC = 20, ED = 8, ZACB = a, 
ZADB = 2a, ZAEB = 3a. 


cos2a = 
2 
3 

8. AE = 

(a) 4 


(a) 


(b) § 

4 


(b) 5 


(C) ! 


(c) 6 


(d) | 
6 


(d) 7 


INTEGER MATCH 


9. Ifa + b + c = 0, a + b + c =3 and a + b + c = 10, 

^ 4 14 4 . 

then a + b + c is 


MATRIX MATCH 


10. Match the following. 


List-I 

List-II 

P. 

When 23 23 is divided by 53, the 
remainder is 

1. 

55 

Q. 

The number of integer solutions 
of the equation 

x + y + z+ u = 3, x > - 2, 
y > - 1, z > 0, u > 1, is 

2. 

30 

R. 

The coefficient of x 2 y in the 
expansion of (1 + x + 2 y) 5 is 

3. 

56 

S. 

/ v 10 r p 

If C r = (r 0 )> then S r " 1S 

r=l 1 

4. 

60 


The function/(x) = log e [x 3 + V * 6 +1] is an 

p 

Q 

R 

s 

(a) 1 

2 

3 

4 

(a) even function 

(b) 2 

3 

4 

1 

(b) odd function 

(c) 3 

4 

1 

2 

(c) increasing function 

(d) decreasing function 

(d) 4 

1 

2 3 

See Solution Set of Maths Musing 172 on page no. 51 
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ADVANCED 


*ALOK KUMAR, B.Tech, IIT Kanpur 


SINGLE OPTION CORRECT TYPE 


1. The number of solution(s) of equation 
sin sin _1 ([x]) + cos _1 cosx = 1 (where [•] denotes the 
greatest integer function) is 

(a) one (b) two 

(c) three (d) none of these 

2. If P(x) is a polynomial with integer coefficients such 

that for 4 distinct integers a, b , c , d ; P(a) = P(b) = 
P(c) = P(d) = 3, if P(e) = 5, ( e is an integer) then 
(a) e = 1 (b) e = 3 

(c) e = 4 (d) no real value of e 

3. A non-zero vector a is parallel to the line of 
intersection of the plane P x determined by 

A A A A 

i +j and i — 2j and plane P 2 determined by 

A A A A 

vector 2i +j and 3i +2k > then angle between 

_ AAA. 

a and vector i - 2 j + 2k is 

(a) 71/4 (b) 71/2 

(c) 71/3 (d) none of these 

4. The differential equation of the system of circles 
touching the x-axis at origin is 

(a) (x 2 - y 2 ) — -2xy = 0 

dx 

(b) (x 2 - y 2 ) — + 2xy = 0 

dx 

(c) (x 2 +y 2 ) — -2xy = 0 

dx 

(d) (x 2 + y 2 ) — + 2xy = 0 

dx 

5. The remainder on dividing 123 4 567 + 89 1011 by 12 
is 


(a) 1 (b) 5 

(c) 8 (d) none of these 

6. Ifj{x) = sinx + cos ax is periodic, then a is 

(a) 2 (b) 71 (c) 71/2 (d) V 2 

7. The line y - 2x + 4 is shifted 2 units along +y axis, 
keeping parallel to itself and then 1 unit along 
+x axis direction in the same manner, then equation 
of the line in its new position is, 

(a) y = 2x + 6 (b) y - 2x + 5 

(c) y = 2x + 4 (d) none of these 

8. The number of real root(s) of the equation 
x 2 tanx = 1 lie(s) between 0 and 271 is/are 

(a) 1 (b) 2 (c) 3 (d) 4 

9. If A = (p, q , r) and B = (p\ q', r) are two points on 

the line Xx = \iy = yz, such that OA = 3, OB = 4, then 
pp' + qq' + rr is equal to 

(a) 7 (b) 12 

(c) 5 (d) none of these 

10. In A ABC, if b 2 + c 2 = 2a 2 , then value of - COt ^ 


is 

(a) 1/2 
11. Solution 


cot B + cot C 

(b) 3/2 (c) 5/2 (d) 5/3 

of the differential the equation 


4 2 2 

y(2x +y) — = (1 - 4 xy ) x is given by 

dx 

(a) 3(x 2 y) 2 + y 3 - x 3 = c 

2 / X 3 

(b) + y _ y +c = 0 

, . 2 5 y 3 x 3 4xy 3 

(c) — yx 3 + —— =- — + c 

5 3 3 3 

(d) none of these 


* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91). 
He trains IIT and Olympiad aspirants. 
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12. The value of x which satisfies the 


2 tan 1 2x = sin 1 — ^— is 

l + 4x 2 


(a) 

f 1 "i 

(b) 

r n 

-oo, -- 


l_2 J 


l 2 J 


equation 


(c) [-1, 1] 


(d) 


1 1 

2’ 2 


13. The number of solutions of the equation 


-1 


cos 


(a) 0 


1 + v 


2x 


/ 

(b) 1 


-l 71 
x = — - 
2 

(c) 2 (d) 3 


-1 71 . _i 

- cos x = — + sin x is given by 


14. Let /(x) be a continuous and differentiable function 
and f(y)f(x + y) =/(x) V R. If/(5) = 3 and/'(3) = 7, 
then the value of/'(8) is 
(a) 0 (b) 1/7 

(c) 7/3 (d) 7 


15. Consider 26 tangent lines to an ellipse. The lines 
separate the plane into several regions, some 
enclosed and others unbounded then numbers of 
unbounded regions are 

(a) 50 (b) 52 

(c) 26 c 2 (d) none of these 

16. A plane 2x + 3y + 5z = 1 has point P which is at 
minimum distance from line joining A (1, 0, -3) 
and B (1, -5, 7), then distance AP is equal to 

(a) 3^5 (b) 2V5 

(c) W5 (d) none of these 


17. For the curve x 2 y 3 = c (where c is a constant) the 
portion of the tangent between the axes is divided 
in the ratio 

(a) 3 : 5 (b) 2 : 5 

(c) 3 : 2 (d) 1 : 5 

18. In a triangle OAB , E is the mid point of OB and D is 
a point on AB such that AD : DB = 2 : 1. If OD and 

OP 

AE intersect at P, then ratio of- is equal to 

PD 

(a) 3 : 2 (b) 2 : 3 

(c) 3 : 4 (d) 4 : 3 


19. If a p a 2 and a 3 are the roots of the equation 
ax 3 + bx + c = 0, then the equation whose roots 


a 2 + a 3 ’ a 3 + oq 5 a 2 + oq 


(a) a 3 x 3 + 3a 2 cx 2 + 3acx 2 + 3ac 2 x + b 3 = 0 

(b) a 3 x 3 -3a 2 cx 2 +3acx 2 +3ac 2 x-c 3 = 0 

(c) a 3 x 3 - 3a 2 cx 2 - 3ac 2 x + b 3 x + c 3 = 0 

(d) None of these 

20. If a 2 + b 2 + c 2 = 1 where a, b, c e R , then the 
maximum value of (4 a - 3b) 2 + (5b - 4c) 2 + 
(3c - 5a) 2 is 

(a) 25 (b) 50 

(c) 144 (d) none of these 


00 00 n 

. f COS X t 71 r 1 / 1 1 

21. If - dx = —, then — (1-sin x) dx is 

Q X 2 Q x 

equal to 

(a) 71/2 (b) 71/4 

(c) 71/6 (d) 371/2 

22. A cubical die faces marked 1, 2, 3, 6 is toaded 

such that the probability of throwing the number t is 
proportional to t 2 . The probability that the number 
5 has appeared given that when the die is rolled the 
number turned up is not even, is 

(a) 1/7 (b) 3/7 

(c) 5/7 (d) 2/3 

23. There is a point inside an equilateral triangle ABC 

of side d whose distance from the vertices is 3, 4, 5. 
Rotate the triangle and P through 60° about C. Let 
A go to A' and P to P*. The area of triangle PAP* is 
(a) 8 (b) 12 

(c) 6 (d) none of these 


ONE OR MORE THAN ONE OPTION 
CORRECT TYPE 


24. If/(x) = 0 is a polynomial whose coefficients all ±1 
and whose roots are all real, then the degree of/(x) 
can be equal to 

(a) 1 (b) 2 

(c) 3 (d) 4 

25. If Vcosecx + 1 dx-k fog(x) + c, where k is a real 
constant, then 

(a) k = -2, /(x) = cot -1 x, g(x) = Vcosecx-1 

(b) k = -2, /(x) = tan -1 x, g(x) = Vcosecx-1 


(c) k = 2, f{x) = tan 1 x, g(x) = 


cotx 


Vcosecx-1 


/ IX r ^ r/ \ -1 / \ cotx 

(d) k = 2, /(x) = cot x, g(x) - 


Vcosecx + 1 
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26. A complex number z is rotated in anticlockwise 
direction by an angle a and we get z' and if the 
same complex number z is rotated by an angle a in 
clockwise direction and we get z\ then 

(a) z\ z, z" are in G.P. 

(b) z ,2 + z" 2 =2z 2 cos2a 

(c) z' + z" - 2zcosa 

(d) z\ z y z" are in H.P. 


27. /(x) is defined for x > 0 and has a continuous 
derivative. It satisfies /(0) = 1, / '(0) = 0 and 
(1 + /(x))/"(x) = 1 + x. The values/(l) cant take 
is (are) 

(a) 2 (b) 1.75 

(c) 1.50 (d) 1.35 


-1 

f r 

\ “I 

f 0 

£ = sec 

X H- 

+ sec 



v X, 

) 

l y) 


where xy < 0, 


then the values of z which is (are) possible 


871 

(a) IS 

9n 

(c) To 


< 


(d) none of these 


29. Let /(x) = [b 2 + (a - 1) b + 2] x - J (sin 2 x + cos 2 x) dx 
be an increasing function of x e R and b e R, then 
a can take value (s) 

(a) 0 (b) 1 

(c) 2 (d) 4 


x — 2 y — l z — l 

30. The line -=-=- intersects the curve 

3 2-1 

x 2 - y 2 = a 2 , z = 0 if a is equal to 

(a) 4 (b) V5 

(c) -4 (d) none of these 

31. 71 is the fundamental period of 

(a) |sinx| + |cosx| 

(b) cos(sinx) + cos(cosx) 

(c) sin2x + cos2x 

(d) none of these 


32. The locus of the point of intersection of the tangents 
at the extremities of a chord of the circle x 2 + y 2 = b 2 
which touches the circle x 2 + y 2 - 2by = 0 passes 
through the point 


<“> i* i 

(c) c b , 0) 


(b) (0, b ) 


(d) 


0 

2 


\ 


J 


33. For the quadratic equation x 2 + 2(a + l)x + 9a - 5 = 0 
which of the following are true? 

(a) If 2 < a < 5 then roots are of opposite sign 

(b) If a < 0, then roots are of opposite sign 

(c) If a > 7, then both roots are negative 

(d) If 2 < a < 5 roots are unreal 


COMPREHENSION TYPE 


Passage for Q. No. 34 to 36 

In an argand plane z v z 2 and z 3 are respectively the 
vertices of an isosceles triangle ABC with AC = BC and 
Z CAB = 0. If z 4 is incentre of triangle. Then 


34. The value of 
(a) 

(c) 


AB~) 

2 

f AC ) 

UaJ 


IabJ 


(c) 


(z 2 

—Z])(z 1 — 

z s) 


CN 

1 

22- 


(z 2 

-Zi)(z 3 - 

Z l) 


(z 4 -Z 1 ) 2 


: value (z 4 - z h 

) 2 (1 

( Z 2 

- Z l)( Z 3 - 

z l) 

(z 2 

- z l)( z 3~ 

Z l) 


(b) 


(z 4 -z 1 f 


(z 2 -z 1 )(z 3 -z 1 ) 
(z 4 -z i) 

(d) none of these 
+ cos0)sec0 is 

(b) (z 2 -Zi)(z 3 - z i) 

(z 4 -z 1 ) 

(d) (z 2 - z l )(z 3 - Zj) 2 


2 U 

36. The value of (z 7 -zA tan 0-tan— is 

2 

(a) (z j + z 2 - z 3 )(z, + z 2 - 2 z 4 ) 

(b) (Zj + z 2 - z 3 )(z, + z 2 - z 4 ) 

(c) -(Zj + z 2 - z 3 )(zj + z 2 - 2 z 4 ) 

(d) none of these 


MATRIX MATCH TYPE 


37. Match the following : 


Column-I 

Column-II 

(a) 

Number of solutions of the 
equation 

sin _1 x + cos _1 x 2 =— i s 

2 

(i) 

1 

(b) 

The number of ordered 
pairs (x, y) satisfying 

sin -1 x sin -1 y 
-+-2- = 2 is 

x y 

(2) 

2 

(c) 

Number of solutions of 
the equation cos(cosx) = 
|sin (sinx)| is 

(3) 

0 
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(d) 

Number of solutions of the 
equation 

(4) 

3 


( 71^ 

tan * + — =2 tan * is 

l 6 J 




38. Match the following : 


Column-I 

Column-II 

(a) 

The value of k for which 

( k 2 k 2 ^ 

lim cosec 1 - 

x^>\ j^ln* 

exists is 

(i) 

H) 

(b) 

The value of k for which 
kx 2 - 2kx + 3* - 6 is 
positive for exactly two 
integral values of * is 

( 2 ) 

[-1.4] 

(c) 

The value of k for which 
the point (2 k + 1 , k - 1 ) 
is an interior point of the 
smaller segment of the 
circle * 2 + y 2 - 2 * - 4 y 
-4 = 0 w.r.t. the chord 
* + y- 2 = 0 is 

(3) 

(_ 3 3^ 

l 4’ 5j 

(d) 

The solution of the 
inequality log 1 / 5 (2* + 5) 
+ log 5 (16 - * 2 ) < 1 is 

(4) 

(- 00 , - 72) U 
(72, 00 ) 


INTEGER ANSWER TYPE 


39. For x < 2 , then the number of possible solutions of 

-3 nX—2 , ->|*- 2|+3 


the equation x 3 3^ 2 l + 3 * +1 =x J -3 A Z, +3 P 


IS 


40. The number of solutions that the equation 

n 


sin(cos(sin*)) = cos(sin(cos*)) has in 


0 , 


is 


SOLUTIONS 


1 . (d): sin sin _ 1 [x] = [*] if -1 < [x] < 1 or 0 < x < 2 , 
cos -1 cos* = * if 0 < * < 71. 

=> Given equation becomes [*]+*= 1; 0 < * < 2, 
=^> [*] = 1 - *; 0 < * < 2 
No solution. 

2 . (d): P(a) = P(b) = P(c) = P(d ) = 3 =^> P(*) -3, has 
a, b, c, d, as its roots. 

=> P(*) - 3 = (* - a)(x - b)(x - c)(x - d)Q(x) 

(Q(*) has integral coelhcient) 
If P(e) = 5 => (e - a)(e - b)(e - c)(e - d)Q(e) = 5 


This is possible only when atleast three of the 5 integers 
((e - a) (e - b) (e - c) (e - d) Q(e)) are equal to 1 
or - 1 => 2 of them will be equal, which is not 
possible. 

a,b,c,d are distinct integers. 

P(e) = 5 is not possible. 

A 

3. (b) : Normal vector to plane P 1 =3k, 

Normal vector to plane P 2 = 2 i - 4 /- 3 k, a = X(2 i + j) 


angle between a and vector i - 2 j + 2k is given by, 

A A A A A 

X(2i+j)-(i-2j+2k) n 

COS 6 = - r- J— - = 0 =^> B = — . 

W5V9 2 


4. (a): (x - 0) 2 + (y - k) 2 = k 2 => x 2 + (y - k) 2 = k 2 , 

^dy „ dy x 7 xdx 

2x + 2(y - k)— = 0 => — =-=> y — k = - 

dx dx y -k dy 


k = y + 


xdx 

dy 


•x 2 + 


7 

v 


y+- 


xdx 

dy 


^ xdx^ 


y+ 


dy 


^ dx s 

2 

2 2 

' dx ^ 


= y+x 

{ d Py 


2 2 

x +x 


9 9 2 xydx 

x =y +- 7 


2 xydx 
dy 


dy 


(x 2 - y 2 ) — - 2xy = 0 
dx 


5. (d) : 1234 567 = l 567 (mod 3) = 1 (mod 3), 
89 1011 = (-1 ) 1011 (mod 3) = -1 (mod 3) 
then 1234 567 + 89 1011 = 0 (mod 3) 

Also 1234 567 = 0 (mod 4), 89 1011 = 1 (mod 4) 


6 . (a) : Let X be the period of sin* + cos ax, then 

sin(X + *) + cos a(X + *) = sin* + cosa* for all *. In 

this identity, putting * = 0 and * = -X, we get 

sinX + cos aX = 1 and 1 = -sinX + cos aX, solving these 

equation, we get sinX = 0 and cos aX = 1 

Hence X-nn and aX = 2mn , where m, n are non-zero 

integers 


aX 2mn 2m 

Hence — =- or a = — 

X nn n 


(since X ^ 0 ) 


7. (c) : Any point (* p y x ) after shifting 2 units along 
+ y axis be (* p y x + 2 ) and after shifting 1 units along 
+ * axis it will be (* x + 1, y x + 2). Again this satisfy 
same equation. 

8. (b) 

9. (b): Xp = \xq = yr and Xp' = \xq' = yr', 

PP' + + rr '= ~(p 2 +c l 2 +r 2 ) = j-3 2 =12 
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10. (a) : We have, 


cot A 


fl(fc 2 +c 2 -fl 2 ) 
abc 


cot B + cotC R( a 2 + c 2 - fc 2 ) + R(a 2 -c 2 +b 2 ) 


abc 


abc 


11. (a) : Given equation can be written as 
2 x 4 y dy + y 2 dy + 4 x 3 y 2 dx - x 2 dx = 0 

=> 2 x 2 y(x 2 dy + 2 xy dx) + y 2 dy - x 2 dx = 0 
=> 2 x 2 y d(x 2 y) -\- y 2 dy - x 2 dx = 0 

3 3 

i i V X 

Integrating, we get (x y) + 2--— = c 1 

=> 3(x 2 y) 2 + y 3 - x 3 = c (replacing 3 c x by c). 

12. (d) 


■ — < 2 tan _ 1 2 x < —, 
2 2 


n ^ _ 7 i 

— < tan 2 x < —, 
4 4 


13. (b) : cos 1 

( 


2 'N 

1 + x 2 

2x 

v y 


-1 < 2 x < 1 ,-- < x < - 
2 2 


7l -i -i 

= — + (sin x + cos x) 
2 


-l 


cos 


1 + x 

2 x 

V y 


= 71 


Also, 1 + x 2 > 2x if x > 0 and 1 + x 2 > 2x if x < 0 


1 + x z 


2x 


>1 


l + x z 
2 x 


\ 

AP , 


— = A 

y 

PB 


X + l 

)i + 1 


+ 3 


-5k' 
k +1 


+ 5 


7k-3 
k + 1 


2(k + l)-15k + 35k-15 = k + l 
P = ( 1 ,- 2 , 1 ) AP = lS 


k = - 
3 


17. (c) : Given curve is x 2 y 3 = c 
Differentiating w.r.t. x, we get 
dy _ -2 y 
dx 


3x 


Equation of tangent at general point 


2 y 


(x,y) is Y-y = — -(X-x) 

3 x 

x-intercept =^x, y-intercept = ^ y. 


A = 


-x, 0 and B = 
2 


0 , -y 
V 3 7 


Let AP : PB = k : 1 


P = 


5x 


Sky 

2(k +1) ’ 3(fc + l) 


5x 


: x and 


Sky 


:y 



can take values -1 or 1 only 


Of which x = -1 only satisfy the equation. 

14. (c) : Put y = S,j{S)j{x + 5) =j{x) => 3j{x + 5) =j{x). 
Now differentiating w.r.t. x and putting x = 3, we get 

3/ , (8) = / / (3) =>/'( 8 ) = ^ 

15. (b) : For every tangent line introduced there are 
two unbounded regions formed, so for 26 tangents 
2 x 26 = 52 unbounded regions formed. 

16. (b) : Let line joining AB meet plane 2x + 3 y + Sz = 1 
at P. 

Ot + 1 -Sk_ 7k-3 ' 
k+l X+l k+l 


2{k +1) 3 (k +1) 

(comparing with P = (x,y)) 

t _ 3 

^ k ~2 f rom both equations. 

Thus P divides AB in ratio 3:2. 

Alternative solution 
For x m y n = c(m, n> 0). The portion of tangent between 
the axes is divided in the ratio n : m. 

Therefore required ratio is 3 : 2 . 

18. (a) : Let A(d), B(b) 

P.V. of D = ^^- 


P.V. of E = - 
2 

T OP AP . 

Let-= t, -= A, 

PD PE 



P.V. of P -- 


t(2b+d) 


3(f + 1) 
2 f X 


Xb _ 

-h a 

_2 _ 

A +1 


3 (t + 1 ) 2 (A + 1 ) 

t 1 


...( 1 ) 

...( 2 ) 


3 (t + 1 ) A +1 
From (1) and (2), we get 

A = 4 Now, we get 
3 


A 


t 


1 


A +1 2 (A + 1 ) 
=> 3t-\-3 = St 


3 (t + 1) 5 


2t = 3 


t - 
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19. (d): a l + a 2 + a 3 = 0 


OCi 


a; 


= -ai 


a 2 + a 3 -oq 


3 3 

Let oq = x and - a 1 = y => y = -x 

x = %J—y v x satisfies ax 3 + bx + c = 0 

a(-y) + b%f(-y) + c = 0 

=^> c 3 -a 3 y 3 - 3acy(c - ay) = b 3 y 
=> a 3 y 3 - 3a 2 cy 2 + 3ac 2 y + b 3 y - c 3 = 0 

20 . (b): Let r 1 =ai + bj + ck, r 2 =3i +4 j + 5k 


? l x r 2 < rj 


rixr 2 = 


_ |2 i2 


...( 1 ) 


A A A 

z j k 
a b c 
3 4 5 


= z (5b - 4c) + j(3c - 5a) + k(4a - 3b) 


So, from ( 1 ) (5b - 4c ) 2 + (3c - 5a ) 2 + (4a - 3b) 2 < 50. 

21. (a) : cos3x = 4 cos 3 * - 3 cos* 

3 13 

=> cos x = — cos3x + — cosx, 


oo oo 

Now, J — (1 - sin 2 x ) 3/2 dx = J 


3 

COS X 


dx 


1 r cos3x , 5 r 

= - - dx + - 

4 J x 4 J 

0 0 

oo oo 

1 r cosudu 3 r cosx 


3 r cosx 


4 o * 


dx 


y 


4 J u 
0 


y 


- + - 
4 J x 
0 


dx (Put a = 3x, dtz = 3dx) 


_ 1 71 3 71 _ 71 

_ 4 2 4 2~ 2 

22. (c) : Let E- be the event of getting z on the die 
6 6 

^P(Ei) = 1 , = 1 =>^ = —- 

*=1 z=l 

Let A be the event of not getting an even number 
=> A — kj cj 
P(A) = P(E X ) + P(E 3 ) + P(E 5 ) = 3SX 
Required probability 


f p \ 
zl 


f 77 A 

vAy 


_ E E s) _ 25X_5 

P(A) P(A) 35X 7 


23. (c) : Take the triangle to be ABC and the point P. 
Let PA - 3, PB = 4, PC = 5. Rotate the triangle and 
P through 60° about C. Let A go to A' and P to P'. 
Then CP = CP' and ZPCP' = 60°, so PCP' is equilateral 
with side 5. So PAP', is a 3, 4, 5 triangle and hence 
ZPAP' = 90°. 

24. (a, b, c): Let the equation be a Q x n + a x x n -1 +...a n = 0 

=> ^oq=±l, ^oqa ^+1 =^> ^a 2 =l ±2 = 3 

where each of oq, a 2 , ., a n is a non-zero integer. Using 


AM-GM inequality, 
n< 3 


a j I j 

> qnaf 


3 ->l 

n 


25. (b ,d): Let I = j Vcosecx + 1 dx 

r cotx r T r dt 

= =dx put cosecx = t, I = - — .- 

J vcosecx -1 J tvt -1 


Jcosecx- 

- f/2 


put t -1 = a 2 , so that 
2udu 


•-! 


= -2 tan 1 a + c or 2 cot 1 a + c 


a(a +1) 


26. (a, b, c) :z' = ze‘ 


...( 1 ) 
...( 2 ) 

Z, z, z" are in G.P. 


( z "^ 2 

+ — 


z 

J 


2 cos 2 a 


= 2 z 2 cos 2 a 
z' + z" - 2 zcosa. 


Z 2 + Z ' 2 


27. (a, b, c, d) : 1 + x is never zero, so 1 + /(x) is never 
zero. It is 1 for x = 0, so it is always positive. 

Hence/"(x) is always positive. 

/'( 0 ) = 0 , so/'(x) > 0 for all x > 0 and hence/is strictly 
increasing. 

So, in particular, 1 + /(x) > 2 for all x. 

We have /"(x) < ^ + 


2 2 

Integrating, /'(x) < /'(0) + f + / = f + / 

x 2 x 3 

Integrating again, /(x) < /(0) + — + — • 


1 1 4 

Hence f(l) < H-i-= - 

J 4 12 3 
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28. (c) : xy < 0 => x + — > 2 , y + — < -2 
x y 

or x + — < - 2 , y + — > 2 
x y 


x + — >2 
x 

y+-<-2 

y 

/ 


sec 


sec 


1 " 


x + — 

G 

V 

_ 

f l] 

f 

y + - 

G 


V 


7i 

3’ 2 y 
71 271 

2 ’ 3 


571 771 

6 5 6 


tangent to x 2 + y 2 - 2by = 0 , so 


h-0 + k-b-b 

W7k 2 


- = ±b 


=> (Jk - b ) 2 = h 2 + k 2 ^h 2 = b(b - 2k) 

locus of (h, k) is x 2 = b(b - 2y) which passes 

f b 

through the points (b, 0 ) and " 


0> i'' 

33. (b,c,d) : Given equation x 2 + 2 (a + l)x + 9a - 5 = 0, 
D = 4(a + l ) 2 - 4(9a - 5) = 4(a - l)(a - 6 ) 

D > 0 => a < 1 or a > 6 => roots are real, if a < 0 

=> 9a - 5 < 0 => products of roots is less than 0 
=> roots are of opposite sign, if a > 7 sum of roots 
= -2(a + 1 ) < 0 , product of roots > 0 . 

_z0 

34. (c) : ZMB = ZIAC = ^ - Z ‘, = ^ ^, e 2 

2 2 | z 2 -z l| F4 _z l| 


z 3 _z l z 4 _z l 


-~Y (z 2 ~z 1 )(z 3 ~z 1 ) (z 4 -z 1 ) 2 0 
e z ;-n-r—-e 


| z 3 _z l| | z 4 _z l| | z 2 -z l|| z 3 

(z 2 — 24 X 23 - 2 q) AB • AC 


i| 2:4-24' 


(^4 -Z{f 


(IAY 


AB ] 

2 

( AC^j 

[ia) 


[AB] 


AD ] 

2 

f AC 1 

(ia) 


UdJ 


29. (a, b, c) :/'(x) = fr 2 + (a-l)fr + 2- sin 2 x - cos 2 x 
=> fr 2 + (a -l)b + 2 - 1 for minimum value 

=> (a -l ) 2 - 4 < 0 => a E (-1, 3). 

30. (a, c) : For the point where the line intersects the 
curve, we have z = 0 so, 

x -2 y-i 0-1 

-= --=-=> x = 5 and y = 3 

3 2-1 

Put these values in x 2 - y 2 = a 2 , we get a 2 = 16 
=> a = ± 4 

31. (c) 

32. (a, c) : If P(h, k ) be the point of intersection of the 
tangents at the extremities of the chord AB of the circle 
x 2 + y 2 = fr 2 . Equation of AB is hx + ky = b 2 . This is a 


35. (a), (£2Z£lK£3Z£l ) =2 

(z 4 -z ,) 2 

(Since AB = 2AD) 

(z 4 - 2 1 ) 2 (1 + cos 0 ) sec 0 = (z 2 - z 1 )(z 3 - z x ) 

36. (d) 

37. A + 2;B->3;C->3;D + 3 

/ * \ • -1 - 12 ^ 

(A) sin x + cos x — — 

2 

—1 2 —1 2 
=> COS X = COS X => X = X => X = 0,1 

, sin _1 x sin -1 y 

(B) We have,-!-= 2 


sin X x 


7 

is increasing x > 0 and decreasing for x < 0 
c 

sin -1 x , sin -1 y 

-> 1 and-— > 1 

x y 

sin -1 x sin -1 y , _ 

-+-= 2 has no solution. 


x y 

71 71 

(C) cosx = 2mr± —isinx => cosx=2nn± — ±sinx 

2 2 

71 

=> cos x i sin x = 2/771 i — => no solution. 

2 

f 71 h 

(D) tan xH— =2tanx lettanx = y 

V 6) 

=> 2 y 2 - V3 y + 1 = 0 => no solution. 

38. A + 4;B + 3;C+l;D->2 


(A) Limit is easily reducible to cosec 1 


k 2 j 


by 


L' Hospital rule which exist if — > 1 . 

2 

(B) k 2 x 2 + (3 - 2 k)x - 6 = (kx + 3 )(kx - 2), 

3 3 7 3 

4 < — <5 => — < A: < — 
k 4 5 

(C) (2k + 1 , k - 1 ) is an interior point 

(2k + l ) 2 + (k - l ) 2 - 2(2 k + 1) - 4(k - 1) - 4 < 0 
6 


0 <k< 


...( 1 ) 


Centre ( 1 , 2 ) and point (2k + 1 , k - 1 ) must lie on 
opposite side of chord x + y - 2 = 0 


k<- 

3 


...( 2 ) 
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From (1) and (2), 0 <k<- 

3 

(D) x > — , -4<x<4=>xef 4 |, log 5 


16 -jT 

2x + 5 

v y 


<1 


16 " x <y 


► X E (—oo, - 9) U [-1, oo) 


f'(x)<0\/xe 0 , — 

L 2_ 

f(x) is decreasing in 


0 , 


71 


2x + 5 
X E [-1, 4]. 

39. (1): Clearly x = 2 is one of the solution. 

For x <2, equation becomes 

x 3 3 2 ~ x + 3 * +1 = x 3 -3 x ~ 2 + 3 5 ~ x 
=> 3 2_x (x 3 - 3 3 ) = 3 X ~ 2 (x 3 - 3 3 ) 

=> (x 3 - 3 3 )(3 2 ~ x - 3 x ~ 2 ) = 0 
=> x = 2 is the only solution. 

Number of possible solutions for x < 2 is 1. 

40. (1): Let f(x) = sin(cos(sim;)) - cos(sin(cosx)) 

=> f'(x) = - cos(cos(sinx))sin(sinx)(cosx) 

- sin(sin(cosx))cos(cosx)sinx 


and/( 0 ) = sinl - cos(sinl) 
Now sinl-cos(sinl) = cos 


...( 1 ) 


--1 

v ^ j 


-cos(sin 1 ), 
71-2 


. , . 71 1 71 

sin 1 > sin— >— -j= .*.-l<sinl=>sinl> 

4 72 2 2 

sin 1 > cos(sinl) From (1) 

/( 0 ) = sinl-cos(sinl)> 0 , / 


^ 71 ^ 


= sin(cosl)-l < 0 


J 


There will be only one root lies between 


„ 71 

°'i. 
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1. Let ABC be a triangle. Construct equilateral 
triangles on the sides BC, CA, AB all externally or 
all internally If P , Q, R are the centroids of these 
equilateral triangles, show that the triangle PQR is 
equilateral. (Maithali, Delhi) 

Ans. ABC is any triangle, BCD, CAE, ABF are equilateral 
triangles. P, Q, R are the centroids of the equilateral 
triangles. Let the complex numbers a, b, c, d, e,f, p, q, r 
represent the points A, B, C etc. 

Consider the triangle BCD. Rotation about C gives 



71 
l — 

d - c = (b - c) a, where a = e 3 


d = ba + c(l-a) 


P is the centroid 


3p = b + c + d 


or 3p - (1 + a) b + (2 - a) c 


Likewise we get 


3q = (1 + a) c + (2 - a) a 

...(2) 

3r = (1 + a) a + (2 - a) b 

-(3) 


From (1) to (3), we find 
3 (r-p) - 3a (q -p) = (1 + a) a + (1 - 2a) b - 

(2 - a) c - a[(2 - a )a - (1 + a )b + (2a - l)c] 
= (1 - a + a 2 ) (a + b - 2c) = 0 


[since 1 - a + a 2 = 1 - e l7l/3 + e 2m/3 = 0] 

••• r-p = a(q-p) 

=> k-pl = M \q-p\ = \q-p\- 

Likewise \p - q\ = \r - q\ 

\p-q\= \q - r\ = |r - p\ => A PQR is equilateral. 

2. Let the complex numbers a, b, c correspond to the 

points A, B, C respectively on the circle |z| = r. Show 

that the line joining A and B and the tangent to the 

circle at C meet at point denoted by the complex 

u u ^ -\-b ^ — 2c 1 
number z = -. 

a~ l b~ l -c~ 2 

(Sakshi Gupta, Himachal) 

Ans. Let the chord AB and the tangent at C meet at P 
denoted by z. 

r 2 - aa =bb = cc . A, B, P are collinear. 

z — a z —a z — a 

- -= =—— since - is real 

b-a b-a b-a 

=> (z -a) (b - a)-(z - a) (b - a) -0 

z (a - b) = z(a - b) + ab - ab 



CP 2 = OP 2 - oc 2 
=> \z - c\ 2 = \z\ 2 - r 2 
=> (z - c) (z - c) = zz - r 2 

=> cz =-~c z + 2r 2 



z 

From (1) 8c (2), we have - + 
ab 

a + b 2 
ab c 



...( 2 ) 

a + b _ z + 2 

ab c 2 c 

a~ l + b~ l -2c~ l 

=> z — — -——. 

a l b 1 -c 2 
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PAPER-1 


SECTION! 


(a) 


STRAIGHT OBJECTIVE TYPE 

[3 marks for correct answer and -1 for wrong answer] 
This section contains 8 multiple choice questions. Each 
question has 4 choices (a), (b), (c) and (d), out of which 
ONLY ONE is correct. 

1 . On a railway there are 10 stations. The number of 
types of tickets required in order that it may be possible 
to book a passenger from every station to every other is: 

— (b) 10 ! 2 ! (c) — (d) ^ 

8 ! 2 ! 8 ! 2 ! 

2. If the roots of ax 2 + bx + c = 0 are of the form 

m m +1 

-and- then the value of (a + b + c) 2 is 

m- 1 m 

(a) b 2 - 2ac (b) 2 b 2 - ac 

(c) b 2 - 4ac (d) 2 (b 2 - lac) 

3. If A and B are two square matrices of order 3x3 
which satisfy AB = A and BA = B , then (A + B) 7 is 

(a) 7(A+ B) (b) 7 ./ 3x3 

(c) 64(A + B) (d) 128/ 3x3 

4. If a v a 2 , a y a 4 , a 5 are in H.P., then a x a 2 + a 2 a 3 + 
a 3 a 4 + a 4 a 5 is equal to 

(a) 2 a x a 3 (b) 3a l a 5 (c) 8a l a s (d) 4 a x a 3 

5. The maximum value of (sinoq) (sina 2 ).(sina^) 

— and 


under the restrictions 0 < a p a 2 , . 
(tanoq) (tana 2 ).(tana n ) = 1 is 


•> a n < 


(a) 


1 


( b) ± 

2 n 


(c) 


1 


\n! 2 


(d) 1 


2 n 2 n 2 n 

6 . In a conference 10 speakers are to give their 
speaches one after another. Find the probability of the 
event if S x speaks before S 2 and S 2 speaks before S 3 and 


the remaining 7 speakers have no objection to speak at 
any number? 

(a) - (b) i (c) E (d) A 

6 3 45 10 

7. i l is a 

(a) complex number 

(b) purely imaginary number 

(c) real number 

(d) none of these 

8 . If k and K are minimum and maximum values of 
sin _1 x + cos _1 x + tan _1 x respectively, then 

71 371 


(a) k = —,K = —— 
4 4 

(c) k = 71/2, K = 71 


(b) k = 0,K=n 
(d) not defined 


SECTION-II 


MULTIPLE CORRECT ANSWER TYPE 

[4 marks for correct answer and -1 for wrong answer] 
This section contains 4 multiple choice questions. Each 
question has 4 choices (a), (b), (c) and (d)for its answer, 
out of which ONE OR MORE is!are correct. 

9. If J[x) and g(x) are functions such that f(x + y) = 

/(a) g{a) /(a + 0 ) 

f(x)-g(y) + g(x)-f(y) then 


independent of 
(a) a (b) (3 


f(&) g( P) /(P + 0) is 

m g( y ) /( y + 0 ) 

(c) Y (d) e 

10 . Sum of the roots of the equation 

(x + 1) = 2log 2 (2* + 3) - 2log 4 (1980 - 2~ x ) 
is greater than : 

(a) 2 (b) 3 (c) 4 (d) 5 

11 . Let 0 < P(A) < 1 ,0 < P(B) < 1 and P {A u B) = P(A) 
+ P(B) - P(A)-P(B ); then 
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(a) P(BIA) = EEi 

P(A) 

(b) P(A C u B c ) = P(A C ) + P(B C ) 

(c) P((A u B) c ) = P(A C ) P(B C ) 

(d) P(A/B) = P{A) 

12 . The origin and roots of the equation z 2 + pz + q = 0 

form an equilateral triangle if 

(a) p 2 = q (b) p 2 = 3 q (c) q 2 = 3 p (d) q 2 = p 


SECTION-MI 


COMPREHENSION TYPE 

[4 marks for correct answer and -1 for wrong answer] 
This section contains 2 paragraphs. Based upon each 
paragraph, 3 multiple choice questions have to he 
answered. Each question has 4 choices (a), (b), (c) and 
(d), out of which one or more than one can be correct. 

Paragraph for Question No. 13 to 15 
Letp be a prime number and n be a positive integer, then 
exponent of p in n\ is denoted by E (n\) and is given by 


n 


n 


n 


n 

— 

+ 


+ 


+ ....+ 


_P_ 


|yJ 


lyj 


y_ 


where p k <n< p k+1 and [x] denotes the integral part of x. 
If we isolate the power of each prime contained in any 
number N, then N can be written as : 

N = pi 1 -p 2 2 * P 3 3 . where p v p 2 , p 3 .... primes 

numbers and oq, a 2 , a 3 .... are natural numbers 

13. The numbers of zeroes at the end of 108! is 

(a) 24 (b) 25 (c) 26 (d) 21 

14. The number of prime numbers among the numbers, 

101! + 2, 101! + 3, 101! + 4,.101! + 101 is 

(a) 31 (b) 29 

(c) 53 (d) none of these 

15. The last non-zero digit in 20 ! must be equal to 

(a) 2 (b) 3 (c) 4 (d) 9 

Paragraph for Question No. 16 to 18 

The numbers 1 , 3, 6 , 10 , 15, 21 , 28, . are called 

triangular numbers. Let t n denotes the n th triangular 
number then it can be observed that t l = 1, t 2 = 3, 
t n = t n _ 1 + ft. Answer the following questions : 

16. f 100 must be equal to 

(a) 5050 (b) 5151 

(c) 5252 (d) None of these 

17. If m is the n th triangular number then 


Jl + 8 m +1 Jl + Sm -1 


(a) n = 


(b) n = 


2 

2 

A 

/1 + 4m -1 


(c) n=- 

2 

(d) None of these 

© 
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18. The number of positive integers lying between t 50 
and t 5l must be 

(a) 50 (b) 51 

(c) 52 (d) None of these 


SECTION-IV 


MATRIX MATCH TYPE 

[8 marks for correct answer and no negative marking 
for wrong answer, for correct row 2 marks]. This section 
contains 2 questions. Each question contains statements 
given in two columns which have to be matched. 
Statements (A, B, C, D) in Column I have to be matched 
with statements (p, q, r, s, t) in Column II. The answer 
to these questions hare to be appropriately bubbled 
as illustrated in the following 
example. If the correct match are 
A - p, s and t; B - q and r; C - p 
and q;' and D - s and t; then the 
correct darkening of bubbles will 
look as shown. 


19. Match the following : 


Column I 

Column II 

(A) 

If n be the number of ways in 
which 12 different books can 
be distributed equally among 

, .. (4!) 4 » . 

3-persons, then is 

divisible by 

(p) 

4 

(B) 

If X be the number of integral 
solutions of x v y v z - 15 such 
that x > 1, y> 2 and z > 3 then 
X is divisible by 

(q) 

6 

(C) 

If X be maximum number of 
points of intersection of 8 straight 
lines then X is divisible by 

(r) 

12 

(D) 

A car will hold 2 persons in the 
front seat and 1 in the rear seat. 
If among 6 persons only 2 can 
drive, the number of ways in 
which car can be filled is X then 
X is divisible by 

(s) 

24 



(t) 

5 


20. If in a triangle 2 a 2 + 4 b 2 + c 2 = 4ab + lac, then 
match the following: 


Column I 

Column II 

(A) 

cos A 

(p) 

1/4 

(B) 

cos B 

(q) 

7/8 

(C) 

cos C 

(r) 

0 

(D) 

sin(A - C) 

(s) 

1 



p 

q 

r 

s 

t 

A 


® 

© 

© 

© 

B 



© 

© 

© 

c 

® 

® 

© 

© 

© 

D 

® 

® 

© 

© 

© 





















































PAPER-2 


SECTION! 


STRAIGHT OBJECTIVE TYPE 

[3 marks for correct answer and -1 for wrong answer] 
This section contains multiple choice questions. Each 
question has 4 choices (a), (b), (c) and (d), out of which 
ONLY ONE is correct. 

1 . The remainder when 5 97 is divided by 52 is 

(a) 2 (b) 3 (c) 5 (d) 10 

2 . The number of real solutions of (x, y ), where 
y - |sin x\,y = cos -1 (cos x), -2n <x< 2n, is 

(a) 2 (b) 1 (c) 3 (d) 4 

3. In A ABC, ZA = ZC = n/6 and radius of incircle is r, 
if radius of circumscribing circle R = 4 then r is equal to 

(a) 4>/3-6 (b) W3+6 

(c) 2V3-2 (d) 2V3+2 

4. If 2x = -1 + V3i, then the value of 

(1 - X 2 + x ) 6 - (1 - X + X 2 ) 6 = 

(a) 32 (b) -64 (c) 64 (d) 0 


SECTION-II 


MULTIPLE CORRECT ANSWER TYPE 

[4 marks for correct answer and -1 for wrong answer] 
This section contains multiple choice questions. Each 
question has 4 choices (a), (b), (c) and (d) for its answer, 
out of which ONE OR MORE is/are correct. 

5. Let {A p A 2 , A 3 ,., AJ be the set of third-order 

determinants that can be made with the distinct nonzero 
real numbers a v a v a y ., a 9 . Then 

k 

(a) k = 9! (b) X A /=° 

i = 1 

(c) at least one A. = 0 (d) None of these 

6 . The quadratic equation x 2 - 2 x - X - 0 , X ^ 0 , 

(a) cannot have a real roots if X < -1 

(b) can have a rational root if X is a perfect square of 
an integer 

(c) cannot have an integral root if n 2 - 1 < X < n 2 + 2 n 
where n = 0, 1, 2, 3, .... 

(d) none of these 

7. Given the set of four real numbers. First three 
numbers are in G.P. and last three numbers are in A.P. 
The common difference of A.P. is 6 . First and fourth 
terms are same. According to the given data, 

(a) fourth term = 4 (b) fourth term = 8 

(c) sum of 4 nos. = 14 (d) sum of 4 nos. = 16 

8 . If x +y + z= 5 and xy + yz + zx = 3; x,y, zE R then 
for v: 


13 

(a) largest value = — 
3 

(c) least value = -1 


(b) largest value = 
(d) least value = 5 


10 


9. In the expansion of 


V Vby 

(a) the number of irrational terms 

(b) middle term is irrational 

(c) the number of irrational terms 

(d) 9 th term is rational 


19 


15 


SECTION-!!! 


MATRIX MATCH TYPE 

[8 marks for correct answer and no negative marking for 
wrong answer and each row 2 marks] This section contains 
3 questions. Each question contains statements given in 
two columns which have to be matched. Statements (A, B, 
C, D) in Column I have to be matched with statements 
(p, q, r, s) in Column II. The answers to these questions 
have to be appropriately bubbled 
as illustrated in the following 
example. If the correct match are 
A - p, s and t; B - q and r; C - p 
and q;' and D - s and t; then the 
correct darkening of bubbles will 
look as shown. 

10. Match the following : 


Column I 

Column II 

(A) 

Any two small squares on a chess 
board are chosen at random. 
Probability that they have a 
common side is 

(p) 

1 

10 

(B) 

One of ten keys opens the door. If 
we try the keys one after another, 
then the probability that the door is 
opened on the tenth attempt is 

(q) 

0 

(C) 

The probability of obtaining no 
head in an infinite sequence of 
independent tosses of a coin is 

(r) 

7 

144 

(D) 

Two squares are chosen at random 
from the small squares drawn on 
a chess board. 

The chance that the two squares 
chosen have exactly one corner in 
common is 

(s) 

1 

18 



p 

q 

r 

s 

t 

A 

® 

® 

© 

© 

© 

B 

® 

® 

© 

© 

© 

c 

® 

® 

© 

© 

© 

D 

® 

® 

© 

© 

© 
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11. Match the following : 


(B) 


Column I 


(A) 


(C) 


(D) 


M„ is defined as 




r -1 


1 


(r-1)- 

and \M r \ is the corresponding 
determinant value of M f Then 
lim (| M 2 | +1M 3 | +.... +1 M n |) = 

n— 


If 


1 cos a cos (3 
cosa 1 cosy 
cos (3 cosy 1 


0 cos a cos (3 
cos a 0 cosy 
cos (3 cosy 0 
then sin 2 a + sin 2 (3 + sin^ = 


If 


a a 2 1 + a 3 
b b 2 1 + b 2 
2 1 + c 3 


= 0 and the 


c c 

vectors (1, a, a 2 ), (1, b, b 2 ), (1, c, c 2 ) 
are noncoplanar, then afrc = 


If A = 


1 1 
-1 1 
then X equals 


and A 4 = -XI, 


SECTION-IV 


Column II 


(P) 


(q) 


(r) 


(s) 


X Y Z W 


INTEGER ANSWER TYPE 

[4 marks for correct answer and -1 for 
wrong answer] This section contains 
8 questions. The answer to each of 
the questions is a single-digit integer , 
ranging from 0 to 9. The appropriate 
bubbles below the respective question 
numbers in the ORS have to be darkened. 

For example, if the correct answers to 
question numbers X, Y, Z and W (say) 
are 6,0,9 and 2, respectively, then the 
correct darkening of bubbles will look 
like the following: 

12 . Find the number of roots of the equation z 10 = 1 
satisfying | argz| < (n/2). 



© 

© 

© 



© 

© 

(D 

© 

© 

© 

® 

© 

© 

© 

(D 

@ 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 


© 

© 
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13. Find the number of quadratic equations which 
remain unchanged by squaring their roots. 

14. A(0, 0), 5(4, 2) and C(6, 0) are the vertices 
of a triangle ABC and BD is its altitude. The line 
through D parallel to the side AB intersects the side 
BC at a point E. Find the product of areas of A ABC and 
A BDE. 

15. A coin is tossed twice and the four possible 
outcomes are assumed to be equally likely. If 
A is the event, ‘both head and tail have appeared’, 
and B be the event, at most one tail is observed’, then 
5[P(B/A)] is : 

16. The sum of the roots of the equation 

3 f j[ ) 2 

4sin I —+ xl - 4cos x-cos(7t + x)-l = 0 

in the interval [0, 47i] is pn. Find p. 

17. In A ABC, ZA = 30° and ZC = 105°. Find k such that 

{ 2 7 2 3 2 

c —b 


18. Find the number of integral values of X if 
(X, 2 ) is an interior point of A ABC formed by * + y = 4, 
3x - 7y - 8, 4x - y = 31. 

19. The equation ax 2 + bx + 6 = 0 does not have two 
distinct real roots, then the least value of 3a + b + 3 
is 


ANSWER KEY (PAPER-1) 


1. (a) 2. (c) 3. (c) 

6. (a) 7. (c) 8. (a) 

10. (a, b) 11. (c, d) 12. (b) 

15. (c) 16. (a) 17. (b) 


4. (d) 5. (c) 

9. (a, b, c, d) 

13. (b) 14. (d) 

18. (a) 


19. (A)—>(p),(q),(r),(s); (B)-*); (C)-Kp); (D)^(p), (t) 

20 . (A)—>(p); (B)— Kq); (C)—Kp); (D)— >(r) 


ANSWER KEY (PAPER-2) 


I. (c) 2. (c) 3. (a) 4. (d) 5. (a, b) 

6 . (a, c) 7. (b, c) 8. (a, c) 9. (a, b, d) 

10 . (A)^(s); (B)^(p); (C)^(q); (D)—>(r) 

II . (A)^(s); (B)—>(r); (C)^(p); (D)—»(q) 

12. (5) 13. (4) 14. (8) 15. (5) 16.(6) 

17. (3) 18. (1) 19. (1) 

For detailed solution to the Sample Paper, 
visit our website www.vidyalankar.org 
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ADVANCED 


SECTION-1 


SINGLE CORRECT ANSWER TYPE 

1. The number of real pairs (a, b ) such that all roots of 
the polynomials 6x 2 - 24x - 4a and x 3 + ax 2 + frx - 8 
are non-negative real numbers is/are 

(a) 0 (b) 1 (c) 2 (d) 3 

2. Suppose that the line segment AB has length 3 units 
and C is on AB with AC = 2 units. Equilateral 
triangles ACF and CBE are constructed on the same 
side of AB. If K is the midpoint of FC then area of 
A AKE (in sq. units) is 

(a) ^ (b) ^ (c) 2 V 3 (d) W3 

2 4 

3. The number of subsets with three elements that can 
be formed from the set {1, 2, 3,..., 20} so that 4 is a 
factor of the product of the three numbers on the 
set is 

(a) 795 (b) 120 (c) 225 (d) 240 

4. Let a and b be positive real numbers then 
log(a 10 ) + 10 C 1 log(a 9 ^) + 10 C 2 log(a 8 b 2 ) + .... 

+ log(b 10 ) = log[(ab) x ] 

where value of X is 

(a) 5120 (b) 2048 

(c) 1024 (d) 10240 

5. Given an alphabet with three letters a, b, c, the 
number of words of n letters, which contain an even 
number of as is 

(a) (3” + 1) (b) 1(3"+ 1) 

(c) 3” - 1 (d) -(3”-l) 

2 

6. Let /(x) be a polynomial with integer coefficients. 
It is known that f(b) - f(a) = 1, where a and b are 
integers then \a - b\ = 

(a) 1 (b) 0 (c) 2 (d) 3 


7. Let S n = n C l 


■—■ n c 2 +- • ”c 3 ....+(- 1 ) 

2 3 3 


n +1 


.. n r 


and T„ =l + - + t+ .... +1 then 


2 3 


(a) S„ 


T n +l 


2 T n 

37;-1 


n 

(b) S n 

« S n = T n (d) S n 

If a parabola touches the lines y - x and y - -x at 
P(3, 3) and Q(l, -1) respectively, then 

(a) equation of directrix is y - 2x = 0 

f- 3 6' 

(b) focus is I ■—, — 

(c) directrix passes through (1, 2) 

f 3 6 

(d) focus is — > — 

V5 5 


9. 


A straight line through a point P( a, 2), (a ^ 0) 
meets the ellipse 4x 2 + 9 y 2 = 36 at A and D and axes 
at B and C, such that PA, PB, PC, PD are in G.P. then 
a possible value of a is 
(a) 6 (b) 8/3 (c) 2 (d) 4 

10. The difference of radii of largest and smallest circle 
passing through the focus of parabola y 2 = 4x and is 
contained in it is 

(a) 3 (b) 3.5 (c) 4 (d) 4.5 

11. 6 boys, 5 girls and 3 teachers are arranged in 
a line for a group photo such that boys are in 
ascending order, girls are in decreasing order and 
no two teachers are together. The number of such 
arrangements is 

(a) 220 x n C 5 (b) 3! x 220 x n C 5 

(c) 3! x n C 6 (d) 14 c 5 x 9 c 3 

12. The number of integral values of x for which 


sin 


-l 


Vx 2 +4 


the expression 
independent of x equals 
(a) 4 (b) 5 (c) 6 


4x 


l x 


-2 tan x | - 


(d) 7 


is 
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13. The non-zero complex numbers 'a and 'b' satisfy 

the condition a • 2 l a l + b • 2^1 = (a + b) • 2 l fl + b \ then 
(a) a 2 = b 2 (b) a 3 = 2 b 3 

(c) a 4 = fr 4 (d) a 6 = fr 6 

14. Let ABC be an equilateral triangle of side length 1 . 
The locus of points P in the plane of ABC such that 

2 PA -PB-PC 

max. {. PA , PB, PC} =- 

PA-PB + PB-PC + PC-PA -1 


(a) incircle of A ABC 

(b) circumcircle of A ABC 

(c) circle through foot of altitudes of A ABC 

(d) a line bisecting two sides of the triangle 


SECTION-2 


COMPREHENSION TYPE 

Passage-1 

Consider the polynomial, 

fix) = 4x 4 + 6 x 3 + lx 2 + 203* - (203) 2 

15. The local extrema of/'(x) is 

(a) positive (b) negative 

(c) zero (d) data insufficient 

16. The sum of the real roots of the equation fix) = 0 is 

(a) -3/2 (b) 3/2 (c) 1 (d) -1 


Passage-2 

Consider the functions, 

/(*) =- CQS2 * 2 and 

1 + cosx + cos * 

gix) = fctan* + (1 - k)sinx - x, where k E R 


17 . g'(x) : 

(a) 

(b) 


(1 — cos x)(k — fix)) 

W) 

(1 + cos x)(k — fix)) 

fix) 


,, ( 1 -cos x)(k + f(x)) 
fix) 

/ d s (1 + cos x)(k + f(x)) 
fix) 


18. The range of/(*) for * e [ 0 , n/ 2 ) is 


(a) (ft 1 

(c) [- 1 , 1 ] 


(b) ( 0 , 1 ] 


(d) 


1 4 

.3’ 3. 


19. The values of k for which g(x) > 0 ,xe [ 0 , nl 2 ] is 


(a) 


H 


(b) 


1 

3’ 


\ 

OO 

J 


(c) 


(d) 


1 


SECTION-3 


INTEGER ANSWER TYPE 


20 . The number of 7 digit ternary sequences (i.e. having only 
digits 0 , 1 , 2 ) such that the sequence does not contain 


two consecutive zeros is X, then 


1000 


([•] denotes greatest integer function) 


21 . A, B and C respectively take turns tossing a die. A 
begins, then B and then C and then again A. The 
probability that C will be the first one to toss a 6 is 
m 

—, where m and n are in reduced form, then sum 
n 

of digits of m is_. 


SOLUTIONS 


1. (b) : For real roots of first equation, 

24 2 - 4(-4a) • 6 > 0 

=> a> -6 ... ( 1 ) 


Now, let a p a 2 , a 3 be the roots of the second equation, 
then using A.M. > G.M. we have 


oq +a ? + ou ^ — 

——7 -- ^ V 01 ! 


a 0 a 


2^3 


1. e. — >^/8 i.e. a < -6 ...( 2 ) 

3 

So, from eqns. ( 1 ) and ( 2 ), we have a = -6 and so 
a i “ a 2 “ a 3 = 2 and hence b = 12 . 

2. (b): KC = CE = -(FC) = 1 

2 

and ZKCE = 60° 

So, A ECK is equilateral 
KE = 1 

and KE 11 ACB line. 

A C B 



So, ar • (AAKE) = - x KE x h 
2 


1 

2 


xlx(lxsin60°) 


— sq. units . 
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3. (a) : There are in total 20 C 3 subsets with 3 elements. 
All of these subsets have elements that when multiplied 
will have 4 as a factor, except in two cases. 

( 1 ) All elements are odd = 10 C 3 subsets 

( 2 ) Two elements are odd and third element is even 
but not multiple of 4 = 10 C 2 x 5 C X 

Hence, required subsets = 20 C 3 - 10 C 3 - ( 10 C 2 x 5 C 1 ) 

= 795. 


4. (a) : We have, 

log (a 10 ) + 10 C X log (< a 9 b ) + 10 C 2 log ( a 8 b 2 ) + ... + log ( b 10 ) 

= [log (ab)*] 

=^> log(a 10 ) + log (b 10 ) + 10 C X [log (a 9 b) + log ( ab 9 )] + 10 C 2 
[log ( a 8 b 2 ) + log (a 2 fr 8 )] + 10 C 3 [log ( a 7 b 3 ) + log (a 3 b 7 ) + 
10 C 4 [log (a 6 b 4 ) + log (a 4 fr 6 )] + 10 C 5 a 5 ^ 5 = log [(ab) x ] 

=^> log (a ??) 10 + 10 C 1 log (a ??) 10 + ... + 10 C 4 log (a ??) 10 + 

10 C 5 log (ab ) 10 , r ,„ MlX 


log (ab) 


10 


1 + 10 q + 10 C 2 + 10 C 3 + 10 C 4 + ■ 


log [(ab)] 

10 . 


=log mt 


log (ab ) 10 [1 + 10 + 45 + 120 + 210 + 126] 


[log ( ab )* 


(512) log (ab ) 10 = log [(ab)*] 
A, = 5120. 


5. (b) : If there are (2k) occurrences of a, these can 

occur in n C 2k places and the remaining positions can 
be filled in 2 n ~ 2k ways. So, the net answer is 

, \2k 

E n n ^n- 2 k _^n v' n n 

c 2k' 1 '2j c 2 


= 2 n x-- 
2 


- 2 k' 


‘ + i 


+Ii 4 


3+1 


6 . (a) : Let f(x) = C 0 + C x x + C 2 x 2 + .... + C n x n 
then f(b) - f(a) - C x (b - a) + C 2 (b 2 - a 2 ) + .... 

+ C n (b n - a n ) 

— (b — ci)[C x + C 2 (b + d) + ... + Cyfb n i + b n 2 u + ... + u n \ 
= (b - a) x [integer] = 1 (A.T.Q.) 

So, (b - a) = ±1. 

7. (c) : From binomial theorem, we have 

1 ~ (1 ~ x) ” = n q - n c 2 x + n c 3 x 2 . 


Integrating on both sides within limits 0 to 1, we have 

l 


1 i _ v n n r 2 n r 3 

f 1 / j n^ ^ x 

J t— d y= c i~- 

l-y 


o * -y 

where y - 1 - x 
l 
i, 


; .e. j(l + y + y 2 + .... +y n 1 )dy = C 1 -^- + &^ 
0 2 . 5 


11 1 _ c ? Co 

i.e. 1H-1-h.... H— — Ci-1-.... 

2 3 n 1 2 3 

i.e. T n = S n . 

8. (a) : Notice that the tangents are perpendicular. 
Hence, their point of intersection (0, 0) lies on the 
directrix. 

So, PQ is a focal chord. 

=> Focus is foot of perpendicular from (0, 0) on focal 
chord PQ with eqn. 2x - y - 3 = 0 

Hence, focus is 1 ^ ^ 

Slope of axis = 


5 5 

1-0 _ 1 
2 - 0~2 


Directrix is y - 0 = 2(x - 0) i.e. y - 2x = 0. 

9. (a) : Any point on the line through P(a, 2 ) is 

(a + rcosB, 2 + rsinO) 

_ (a + rcosB ) 2 (2 + rsinB ) 2 
So, -+-= 1 


gives 


9 


PA • PD = 


4a 


4 cos 2 6 + 9sin 2 6 


Similarly, PB-PC - 


2 a 


sin 6 cos 6 


Hence, 


4a 


2 a 


4 cos 2 0 + 9 sin 2 0 sin 0 cos 0 
i.e. 2a sin 26 + 5cos 26 = 13 
=> |a| > 6 . 
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10. (b) : Minimum radius = 1/2 and for maximum 
radius, 

(x - r - l) 2 + y 2 = r 2 

Solving with y 2 = 4x with D = 0 gives r = 4 

1 7 

Hence, difference in values = 4 — = —. 

2 2 


11. (b) : To arrange the boys and girls = n C 6 
To arrange the teachers = 12 C 3 x 3! 

Hence, all arrangements = n C 6 x 12 C 3 x 3! 

12. (b) : Given expression can be rewritten as 

sin -1 


2(x / 2) 

-2 tan 1 

X 

_1 + (x/2) 2 _ 


_2 _ 


= 2 tan 


-l 


X 

-2 tan 1 

X 

— 

— 

_2 _ 


_2_ 


= 0 


= independent of x if 


x 

2 


// 


1 


i.e. x E [-2, 2]. Hence integral values of x = ±2, ±1,0. 
13. (d) : Result : If ad + fib = y(a + b) then a = fi = y 
where a , fc are non-zero complex and a, fi, y E P. 
Using this result, we have 2l fl l = 2^1 = l\ a + b \ 


z.e. I a 



a 

= 1 = 

a ^ 

or 

— 

- + 1 




b 


a ±i2n/3 
i.e. — = e 
b 

Hence, a 3 = b 3 i.e. a 6 = b 6 . 

14. (b) : Let us assume that PC = max. {PA, PB , PC} 
then the relation in question becomes, 

PB - PC + PA - PC = l + PA - PB 

PC PA-PB +1 • 1 
z.e., — =- 

1 PA • 1 + PC • 1 

[Ptolemy's theorem for cyclic quadrilateral] 

Hence, locus of P is circumcircle of A ABC (without 
the vertices A, B and C). 

15. (a) : Notice that 

lim f'(x) = +oo and lim f\x) = 

X^co %—>—oo 

and /"(x) = 0 has two real roots x p x 2 such that x 1 > x 2 
hence the local minimum value (m) of f\x) is + and 
x x E (-1, 0), m > 0. 


16. (d) : So,/'(x) = 0 has a unique real root. 
Since, lim /(x) = «>= lim /(x) and/(0) < 0 

X—^o° 

Hence,/(x) = 0 has exactly two real roots. 


Let a = 203, then/(x) = 0 becomes 


4x 4 + 6x 3 + 2x 2 + 


cix d 


-- 0 

(i.e. a quadratic in d) 


„ . x±x(4x + 3) 

Solving, a =-= 203 


z.e. x ± x(4x + 3) = 406 

Solving, we have 406 = x - x(4x + 3) has no real roots 
and 406 = x + x(4x + 3) has sum of real roots = -1. 

(l-cosx)[Zc(l + cosx + cos x)-cos x)] 


17. (a): g'(x) = 


cos 2 x 


_ (1-cosx)(/c-/(x)) 

“ 7w * 

18. (a) : Let t = cosx, t E (0, 1] 
f 2 

So, f(x) = h(t) = -- 

1 + f+ r 

h'(t) > 0 for t E (0, 1] 

So, h(t) is increasing and h(0) = 0, h(l) = 1/3 

l' 


Hence, range of/(x) is 


0, 


19. (b) : Notice that k < 0 or k = 0 does not give any 
solution. 

g(x) is increasing in (0, n/2) and ^(0) = 0 
So, ^'(x) > 0 => k >f(x) i.e. k > 1/3. 

20 . ( 1 ) : If the first digit is 0, then the next digit must 
be 1 or 2 and remaining (n - 2) digits must not have 2 
consecutive zeroes. If the first digit is 1 or 2, remaining 
(n - 1) digits must not have 2 consecutive zeroes. So, 
if d n is the required number of ways then 

d n = 2 -d _ x + 2 -a _ 2 and d x = 3, d 2 - 8 
gives d 7 = 1224. 

21. (7): Let P be the probability that C wins then, 


P = 




1 

x- + .... 
6 



.*. m - 2 + 5 = 7 . 
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CHALLENGING PROBLEMS 


For Entrance Exams 


_ 1 r . 271 . 471 . 871 

The value or sin-h sin — + sin — is 

7 7 7 


(a) 1 


(b) 


a t/l ( d) 

2 4 4 


2n 

(b) T 


(0 * 

18 


(d) - 

8 


!og i 

x+— 

X 


X — l 

log 2 —— l>Ois 

x + 2 


(a) (-5, -2) (b) (2, 5) 

(c) (5, oo) (d) 

5. The integer value of x for which x 2 + 19x + 92 is 
square of an integer are 

(a) -8 and -11 (b) -8 and 11 

(c) 8 and 11 (d) None of these 

6. Let a n be the n th term of the G.P. of positive numbers. 

100 100 

Let ^ a 2 n =a an< i X a 2n-l = P> suc ^ th at a * P> 

n =1 n —1 

then the common ratio is 


(a) “ 

P 


(b) 


- < c > M < d > M 

a VP Va 


7. The coefficient of x n y n in the expansion of 
{(1 + x) (1 + y) (x + y)} n is 


(•) S c 


(b) S'- 


(d) None of these 


2. The equation sin 4 x - 2cos 2 x + a 2 = 0 can be solved 
if 

(a) —y/3 <a< V3 (b) -V2 <a< 

(c) - 1 < a < 1 (d) None of these 

3. Given A ABC is inscribed in the semicircle with 

diameter AB. The area of A ABC equals 2/9 of the 
area of the semicircle. If the measure of the smallest 
angle in A ABC is then sin2x is equal to 

, x n 

<a) 9 

4. Set of all the values of x satisfying the inequality 


(C) X " C r”C s 2 
r+s =0 

8. Given 6 different toys of red colour, 5 different toys 
of blue colour and 4 different toys of green colour. 
Combination of toys that can be chosen taking at 
least one red and one blue toys are 

(a) 31258 (b) 31248 

(c) 31268 (d) None of these 

9. If length of common chord of two circles 

x 2 + y 2 + 8x + 1 = 0 and x 2 + y 2 + 2]iy-l = 0is 2V6, 

then value of p are 

( a ) ±2 (b) ±3 

(c) ±4 (d) None of these 

10. If two distinct chords drawn from the point (4, 4) 
on the parabola y 2 = 4 ax are bisected on the line 
y - mx, then the set of value of m is given by 

f i-4i 1+V2 A 


(a) 


(b) R 


(c) (0, 00) (d) (-2, 2) 

11. If the focal distance of an end of the minor axis of 
any ellipse (its axes as x and y axis respectively) is 
k and the distance between the foci is 2h, then its 
equation is 


2 2 
(a) T + 4 = 


(c) 7T- 


1 


X 2 V 2 

(b) 

k 2 k 2 -h 2 


= 1 


k 2 -h 2 


(d) T + 


y 


k 2 +h 2 


12. If A = \x: 7 ^<x< 7 ^\ and f(x) = cosx - x (1 + x), 


r =0 


r =0 


then/(A) is equal to 

1 71 7l 2 V3 71 7l 2 

2 3 9 ’ 2 6 36 


( a ) 
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(b) 


1 n n 2 V3 n n 2 

2 3 9 ’ 2 6 36 


(c) 


1 n n 2 V3 n n 2 

2 3 9 ’ 2 6 36 

V 

(d) None of these 


13. If the function f(x) = 


(x-2 y 


sin (x - 2) + 


a cos (x - 2), (where [•] denotes the greatest 
integer function) is continuous and differentiable in 
(4, 6), then 

(a) a E [8, 64] (b) a e (0, 8] 

(c) a E [64, 00 ) (d) None of these 

f 1/1 x |; | x | > 1 

14. If f(x) = \ ? is differentiable V x , 

[ax+b; -1 <x<1 

then value of a and b is 

(a) a = 1/2, b = -3/2 (b) a = -1/2, = 3/2 

(c) a = 3/2, = 1/2 (d) None of these 

15. If f"(x) > 0 and/'(l) = 0 such that 

g(x) =/(c ot 2 x + 2 cotv + 2), where 0 < v < n then the 
interval in which g(x) is decreasing is 


(a) (0, n) 


(b) 


f „ \ 

n 


(c) 


371 


-,n 


2 

(d) I 0, 


-,n 


V ^ / 

371 
4 


. 1 h — x 

16. If I = — J-dv, then I equals 

J vV1 +v 

(a) log | v|+log 1 + Vn- 

(b) log|x|-log 


+ sin 


V 1 -; 


^ Vv + C 
-1 


(c) log|v|-log 


1 + 




+ tan v + C 


-sin 1 v + C 


(d) log 


1 + 


Vi^ 


-log I x|+cos 


(a) + c 


(c) +c 


(b) - In (1 - x 4 ) + c 
(d) ln(l + x 2 ) + c 


16 I - 

18. The value of J tan 1 V ~Jx -1 dx is 


(a) ^^ + 2^3 (b) -JI- 2 V 3 

3 3 

(c) -n + 2^, (d) -n-lS 
3 3 

19. If/is a continuous function such that 

J f(t)dt —> 00 as | v | —> oo, then for all ke R, then 
0 


k 2 x 2 +1 f(t)dt-a = 0(a>0) has 


17. If f(x) = tan 1 v + lnVl + v -lnVl-v. The integral 
of (1/2) f' (v) with respect to x 4 is 


(a) all roots in (-«>, 0) 

(b) all roots in (0, ©o) 

(c) odd number of roots in (-©©, 0) and odd number 

of roots in (0, ©o) 

(d) None of these 

20. Through any point (v, y) of a curve which passes 
through the origin, lines are drawn parallel to the 
coordinate axes. The curve, given that it divides the 
rectangle formed by the two lines and the axes into 
two areas, one of which is twice the other, represents 
a family of 

(a) circles (b) parabolas 

(c) hyperbolas (d) straight lines 

21 . The area bounded by the curve y = x 4 - 2x 3 + x 2 + 3, 
the axis of abscissa and two ordinates corresponding 
to the points of minimum of the function y(x) 
(in sq. units) is 

(a) 10/3 (b) 27/10 

(c) 21/10 (d) None of these 

22. Solution of the equation y = v — + — represents 

dx dy 

(a) Family of straight lines and a parabola 

(b) Family of straight lines and a hyperbola 

(c) Family of circles and parabola 

(d) None of these 

23. The differential equation of family of parabola with 
foci at the origin and axis along the v axes is 


(a) y 


(b) v 


[dy 

V dx 

dy 

dx 


\ 2 


+ 2x^--y = 0 
dx 

+ 2y^--y = 0 
dx 
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(c) 7 


dy 


+ 2x — + y = 0 
dx 


K dx y 

(d) None of these 

24. If z v z 2 are two complex numbers such that 

——— = 1 and iz 1 = Kz v where Ke R , then the 
Z l +Z 2 

angle between z x - z 2 and z x + z 2 is 


(a) tan 


-l 


2 K 

k 2 +iJ 


(b) tan -1 


K 


l-K 2 j 


(c) -2 tan l K (d) 2tan l K 

25. If a is a complex n th root of unity and if Z x and Z 2 are 


n -1 


two complex numbers, then ^ | Z x + a r Z 2 | 

\2 


r =0 




(a) n 2 \Z x + Z 2 | 2 (b) 

V n n 

(c) n(\Z x \ 2 + |Z 2 | 2 ) (d) n 2 (\Z x \ 2 + |Z 2 | 2 ) 

26. Two persons A and B throw a die alternately till 
one of them get a “six” and wins the game. The 
probability of winning of B if A starts first is 
6 /t x 5 


(a) 

(c) 


11 

11 


(b) 


11 


(d) None of these 


30. If A 

/(A) is equal to 


0 5 
0 0 


and /(x) = 1 + x + x 2 + ... + x 16 , then 


(a) 0 


(c) 


1 5 
0 0 


(b) 


(d) 


1 5 

0 1 

0 5' 
1 1 


31. If | a | = 3, | b | = 4, | c \ = 5 and 

a _L (b + c), fc _L (c + 2), c _L (a + b) then 

| a + b + c | is equal to 

(a) 50 (b) 25 

(c) 5 V 2 (d) 12 

32. Iflines^l = Zz2 = iz2 and fzl = Z^ = izl 

2 x x x 2 3 4 5 

lies in the same plane then for equation 

x x t 2 + (x 2 + 2)t + a - 0, which of the options 

holds? 

(a) 2x x - x 2 = 1 

(b) Sum of roots of given equation = -2 

(c) 2x x + x 2 = -4 

(d) Sum of roots of given equation = 0 

33. The variance of the first n natural numbers is 


(a) 


(c) 


n 2 -l 

12 

n 2 +1 


(b) 


(d) 


n 2 -1 


n 2 + l 


12 


27. A person throws a dice while he gets a number 
greater than 2. The probability that he gets a 6 in 
the last thrown is 

(a) 2/3 (b) 1/4 (c) 1/3 (d) 1/12 

28. The values of X for which the system of equations 
x + y- 3 = 0, (1+ X)x + (2 + X)y -8 = 0, 

x - (1 + X)y + (2 + X) = 0 is consistent are 
(a) -5/3, 1 (b) 2/3, -3 

(c) -1/3, -3 (d) 0, 0 

29. The number of values of k for which the system of 
equations (k + l)x + 8y = 4/c, fcx + (k + 3)y = 3k - 1 
has no solution is 

(a) 0 (b) 1 (c) 2 (d) infinite 


SOLUTIONS 


- /■% \ t j. r-i 271 471 871 j 

1. (b):Let S = sin -hsin-hsin—and 

111 

^ 2n 471 8n 

C = COS - h COS - h COS 

111 

Now, C + iS = a + a 2 + a 4 

where, a = cos — + /sin— , is complex 7 th root of 
unity ^ ^ 




Also, C - iS = a 6 + a 5 +a 3 

.-. a 6 = a, a 5 = a 2 , a 3 = a 4 

Adding eqn. (i) and (ii), we get 

^ 23 6 a 7 -a 

2C - a + a + cl +... + oc —- : 

a-1 

=^> C = -1/2 

Multiplying eqn. (i) and (ii), we get 

C 2 + S 2 = 2 => S = — 

2 


...(ii) 


-1 (y a 7 =l) 
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2. (b): We have, sin 4 x - 2cos 2 x + a 2 = 0 
or, y 2 - 2( 1- y) + a 2 = 0 [where sin 2 x = y] 

=> y 2 + 2y + a 2 - 2 = 0 
For y to be real, discriminant > 0 
4 - 4(a 2 - 2) > 0 

=> a 2 <3 ...(i) 

Since, sin 2 x = y => 0<y<l 

=> 0<2Za 2 - 1<1 

=^> l<\/3-a 2 <2=>l<3-a 2 <4 
=> 2 -a 2 >0^ a 2 <2 
=^> — V 2 < a < V 2 . 


Take again antilog both sides, 

x-l „ x + 5 ^ 

- >2 - <0 

x+2 x + 2 

=^> xg (-5,-2) [But not true as x > 1] 

5. (a): Let x 2 + 19x + 92 = m 2 , me I 
x 2 + I9x + 92 - m 2 = 0 

-19+2222 —7 

.*. x =- 

2 r^— 

Since, x E I, so-19±V4m -7 must be an even 
integer 

- 7 must be an odd integer 



3. (a): Since, a 2 + b 2 - c 2 = 4r 2 


Also, —a-b = — 
2 9 


1 2 
-7ir 
2 


=> 9ak = 27ir 2 

From eqs. (i) and (ii), we get 

a 2 +b 2 _ 2 

9afr 71 

a 18 
=> - + - = — 
ban 

Now, ZB AC = x then 


- + - 

cosx sinx 71 


2 2 

cos x + sin x 18 


sin x* cosx 




...(h) 



71 


71 . ^ 71 

sinx • cosx = — => sin2x = — 
18 9 


4. (d): Since log 1 log 2 

x + — 

X-l „ x 

- >0 

x + 2 

=> x > 1, x < - 2 
But x + — > 0 


x-l 
x + 2 . 


>0 


x 2 + l 


>0 


x > 0 


...(i) 


...(h) 


From (i) and (ii), we get 


x-l 
x + 2 


x>l;log 1 1 log 


x+— 

X 


>0 


Take antilog both sides, 
1 x ~ l 1 

lo §2—r>! 
x + 2 


Let 2 4m 2 - 7 = 2k + l;ke I 

4m 2 - (2k + l) 2 = 7 
(2m - 2k - 1) (2m + 2k + 1) = 7 
Since, 7 is prime, so possible cases are as follows: 

(i) 2m -2k- l=land 2m + 2k + 1 = 7 then m = 2 

(ii) 2m - 2k-1 = 7 and 2m + 2k + 1 = 1 then m = 2 
At m = 2, v = -8, -11 

(iii) 2m -2k-l = -1 and 2m + 2k + 1 = -7 then m =-2 

(iv) 2m -2k - 1 = -7 and 2m + 2k + 1= -1 then m = -2 
At m = -2, x = -8, -11 

6. (a): Let a G.P. with common ratio = r 


100 



Now, £a 2f! 

- a 2 + a 4 + a 6 +... + a 200 


n =1 




= ar + ar 3 + ar 5 + ... + ar 199 = a 

...a) 

100 



Also, ya 2 „. 

"I - a ^ “l - “t - ... “I - 


ft=l 




= a + ar 2 + ar 4 + ... + ar 198 = (3 

...a!) 


On dividing eqn. (ii) by eqn. (i), we get 


r(<2 + +... + av^ 98 ) 0 c 

(a + ar 2 + ar 4 + ...ar 198 ) P 

a 


n -1 


+ ... + 


7. (b): We have,{(l + x) (1 + y) (x + y)} n 
= (c 0 + c x x + c 2 x 2 +... + C n x n ) x (c$ n + c x y 
c n- 1 y+ c r) x (Co*" + Cj x n ~ l y + ... + C„_, X 

+ C„y } 

Coefficient of x n y n 

= c 0 3 +c 1 3 +c 2 3 + ....+c „ 3 = yc r 3 

r=0 
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8. (b) : At least one red toy can be chosen in 

= 6 C X + 6 C 2 +... + 6 C 6 = 2 6 - 1 = 63 ways 
At least one blue toy can be chosen in 
= 5 C X + 5 C 2 +... + 5 C 5 = 2 5 - 1 = 31 ways 
Green toys (with no restriction) can be selected in 
= 4 c 0 + 4 c x + 4 c 2 + 4 c 3 + 4 c 4 = 2 4 = 16 ways 

Total ways of selection = 63 x31 x 16 = 31248 


9. (b): Common chord is S x - S 2 = 0 
=> 4x - jliy + 1 = 0 



10. (a): Any point on the line y - mx can be taken as 
(f, mt). 

Equation of the chord of parabola with (t, mt) as 
mid point 

y mt - 2 (x + t) = m 2 t 2 - At 
Since, it passes through (4, 4), 

/. Amt - 2(4 + t) = m 2 t 2 - At 
=> m 2 t 2 - 2(2 m + l)t + 8 = 0 
For two such chords D > 0 
=> (2m + l) 2 - 8m 2 > 0 


=> 4m 2 - 4m -1 < 0 => 


1-V2 

-< m < 

2 


1+V2 

2 


11. (b): Let equation of ellipse is — + - 1 and e 

is eccentricity of ellipse. a 2 fr 2 

.*. 2/z = 2ae => ae = /z ...(i) 

Focal distance of one end of minor axis say (0, b) is k, 

.\ a + e(0) = k=>a = k ...(ii) 

From (i) and (ii), 
b 2 = a 2 (1 - e 2 ) 

=> b 2 = a 2 - a 2 e 2 = k 2 - h 2 

x 2 y 2 

.*. Equation of ellipse is — + —-- = 1. 

k 2 k 2 -h 2 


12. (a) : We have/(x) = cosx - x (1 + x) 

n n 


Since, in the interval 
x(l + x) increases. 

71 71 


6 3 


, cosx decreases and 


/(x) decreases in 


6 3 


71 


••• / - 


v J y 


71 
- 


71 71 

6 ’ 3 


Hence, /(A) = 



_ f _\ 
71 „ 71 

- 1 + - 
6 V 6j 


1 71 7I 2 V 3 71 7I 2 

2 3 9 ’ 2 6 36 


13. (c): We have, x e (4, 6) 
=> 2<x-2<4 

8 (x - 2) 3 64 

=^> —<-<—, a> 0 

& & & 


For/(x) to be continuous and differentiable in (4, 6), 


(*-2) J 


must attain a constant value for x e (4, 6). 


Clearly, this is possible only when a > 64 
In that case, we have 

/(x) = acos(x - 2)which is continuous and differentiable. 
a E [64, 00 ) 


14. (b): /(x) = 


1 

[ax 2 + b; 


| x | > 1 
—1 < x < 1 



/(*) = 


ax 2 +; 



x<-l 
—1 < x < 1 
X>1 


Since/(x) is continuous at x = 1. 

.*. a-1 + b = 1 ...(i) 

Also,/(x) is differentiable at x = 1. 

2ax = —\ 
x 


At x = 1, 2a = -1 

=> a = -1/2 

Using (i), we get, b = 3/2 

15. (d): Here, g(x) = /(cot 2 x + 2cotx + 2) 

=> /W =/ r (cot 2 x + 2cotx + 2) 

{-2 cotx cosec 2 x - 2cosec 2 x} 
For ^(x) to be decreasing, g (x) < 0 
=> /'{(cotx + l) 2 + 1} • (-2 cosec 2 x) (cot x + 1) < 0 
=> /'{(cotx + l) 2 + 1} • (cotx + 1) > 0 ...(i) 

{as/"(x) > 0 => f(x) is increasing, then 

/' j(cotx + l) 2 + l>/'(l) = 0VxG^0,^ U^^,7lj| 
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Thus, equation (i) holds, if cotx + 1 > 0 


, 371 

cotx > -1 Vx e 0,— 

4 j 


16. 


(<=>= '=/ 


1 1 1-x 


X/> Vl-x 2 


dx = \ 


dx 


dx 


xV 1-x 2 V 1-x 2 


In the first integral, put x = -, we get 

r( — 1 It )dt r dt . -i 

I = - , - sin x — — , - sin 

i.n ^ 


t v r 

- log | f + Vf 2 -11 - sin -1 x + C 


-log 


1 Vl-x 2 
- +- 


X X 


■sin 1 x + C 


= log | x | - log 11 + V 1-x 2 | - sin 1 x + C 
17. (b): /(x) = tan _1 x + lnVl + x -InVl-: 

r// \ 1 1 1 

/(*) =-- + --- + - 


1 + x 2 2(1+ x) 2(1-x) 


1 1 
- + - 


1 + x 2 1-x 2 (1-X 4 ) 


dx 4 


^ 2 rW= i+ ~ 

= - ln(l - x 4 ) + c 

18. (d) : Integrating by parts, the given integral is equal to 


xtan 


16 1 r 

=—®--f 

^ A J f 


1 VV^T 16 - 1 /^—* 

1 ! ^ 4VxvVx- 

1 dx 


-dx 


(Put Vx = 1 +1 2 ) 


16 


7i-(V3+V3^ = — 71-2^3 


and g(°°) = oo + oo-a = °o>0 
AISO, g(~°°) = oo + oo-(2 = oo>0 
=^> g(x) is continuous in (-<*>, oo). 

Hence, g(x) = 0 has odd number of roots in (-oo, 0) and 
odd number of roots in (0, oo). 

20. (b): Let P(x, y) be the point on the curve passing 
through the origin 0(0, 0), and let PN and PM be the 
lines parallel to the x-axes and y-axes, respectively If 
the equation of the curve is y - y(x), the area POM 

X X 

equals J y dx and the area PON equals xy - J ydx 

o 

P(x, y) 



Assuming that 2 (POM) = PON , we have 

2 jy dx = xy- jy dx => 3Jy dx = xy. 

ooo 

Differentiating both sides, we get 

dy dy dy dx 

3y = x — + y => 2y = x— => — = 2 — 
dx dx y x 

On integrating both sides, we get 

=> log \y\ = 2 log |x| + log C => y = Cx 2 , with C being a 

constant. 

This solutions represents a parabola. We will get a similar 
result if we had started instead with 2 (PON) = POM. 

21. (d): Given curve is 
y = x 4 - 2x 3 + x 2 + 3 

.*. — = 4x 3 - 6x 2 + 2x 
dx 

d 2 y 2 

—4 = 12x 2 - 12x + 2 

dx 2 

dy 


19 . (c): Let g(x) = fc 2 x 2 + J f(t)dt - a ...(i) 

x o 

Since, a > 0 andj f(t)dt —> oo as x —» ± oo (given) 

o 

o 

=> g(0) = 0 + | /(t)dt - a = -a < 0 


For maxima and minima, put — = 0 

dx 

4x 3 - 6x 2 + 2x = 0 

=> x — 0, —, 1 
2 


d 2 y 
dx 2 


Points of minima are x = 0 and x = 1 


= 2.^ 

= -1 and 

d 2 y 

II 

o 

** 

K 

l 

x=— 

dx 2 


X—1 
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r 4 3 2 

Required area = me — 2x +x + 3 )dx 


o 

x 3 2x 4 x 3 

-+ — + 3x 

5 4 3 


-a 


o 


12 1 111 91 

=-+ - + 3 =-+ - + 3 = — sq.units 

543 523 30 

22. (a): Putting — = P in given equation, we get 
1 dx 

y = xP + — 

P 

Differentiating w.r.t. x, we get 
dy dP 1 dP 

dx dx p z dx 

n n dP 1 dP 

=> P = P + x -—— 

dx p z dx 

=> — = 0 or P 2 = — => P = C or 

dx x 


ii =P 

dx 


fdp 2 

\dx j 


1 


Put these value in given equation we get y - Cx + — 
which is equation of family of straight lines. w 


and y = 


Px + - 


1 


\2 


V 


= P 2 x 2 + 2x + 


y 


? 1 

Put P = —, we get 
v 

y 2 = x + 2x + x = 4x 
which represents a parabola. 

23. (a) : Here, 

Distance from focus = distance from directrix 
x 2 +y 2 = (2a + x) 2 
y 2 = 4 a(a + x) 

2y— = 4a(0 +1) 

7 dx 

y dy 

=3 a = -—— 

2 dx 


Using (i),y =2 y-f- 
dx 


dy f y dy 


-——+ x 
2 dx 



dy 

\dx ; 

24. (d): 


^ dy 

+ 2x — - y = 0 
dx 


El _?2- 


Zi+z 2 


= cosa + zsina 


2z 1 _ cosa + zsina + 1 


-2z 2 cosa + zsina-1 


2 cos z (a / 2) + 2z sin(a / 2) cos(a / 2) 
2/ sin(a / 2) cos(a / 2) - 2 sin 2 (a / 2) 
2 cos(a / 2) [cos(a 12)+ i sin(a / 2)] 
2z sin(a / 2) [cos(a / 2) + z sin(a / 2)] 


iL 

*2 


1 a 
- cot— 
z 2 


z^ = -cot —c 2 


a 

2 


* z i = 


K = -cot a/2 
tan a/2 = -1/K 

2tana/2 -2 IK 


tana = 


1 - tan a/ 2 1-1/K 2 


-2JC 

K 2 -l 


a = tan 


2K 
1 -K 2 


= 2 tan ~\K) 


25. (c) : We have 1 + a + a 2 +.+ a : 

n-1 

=> ^ a r = 0 

r = 0 


n-1 


0. 


-(i) 


n-1 n-1 _ _ 

Now, X|Z,+ a r Z 2 | 2 = ^ (Z 1 + a r Z 2 ) (Z x + a r Z 2 ) 

r- 0 r- 0 

n-1 n-1 n-1 n-1 

= £|Z 1 | 2 +Z 1 ^2a r + Z 1 Z 2 £a r + X|Z 2 | 2 |a| 2r 

r= 0 r- 0 r- 0 r=0 

= n(\Z^ 2 + |Z 2 | 2 ), [using (i) and |a| = 1.] 

26. (b) : Let E = Event that A gets six 

••• P(E) = - 
6 

F = Event that B gets six 

m =- 
6 

P(B wins) = P(E F or EFEF or EFEF EF...) 
(Since B can win the game in 2 nd , 4 th , 6 th .throw) 

x5 1 

- + . 

6 


5 

11 



rr 


(5 

) 1 f 

V 



+ 




U J 

v6. 


v6. 

) 6 l 

v6 y 


5 

( 

f s') 

2 m 4 I 

_ 5 

r i ^ 

— 

1 + 

— 




36 

V 

^6 J 

UJ J 

_ 36 

1-— 






l. 36 J 


27. (d) : Let E l = the event that six shows when a dice 
is thrown 

E 2 = the number less than or equal to 2 shows when a 
dice is thrown 

P(E X ) = 1/6 and P(E 2 ) = 2/6 = 1/3 
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E = the event that six turns up in the last thrown = the 
event that E x happen in the all previous throws and E 2 
happens in the last throw 

P(E) = P(E 1 E 2 or E l E l E 2 or E l E l E l E 2 .) 

= P{E X )-P{E 2 ) + p^yp^yp^) + p^yp^yp^y 
P(E 2 ) +. 


1 1 
3 6 


P(E) = --- 
3 6 


1 


1-1/3 


m =Ti 


28. (a) : The given system of equations will be consistent 
if 

' 1 1 -3 

A— 1 + X 2 + X —8 — 0 
1 —(1 + X) 2 + X 


Applying C 2 —» C 2 


1 

l + X 
1 


0 

1 

-2 — X 


Cj and C 3 —y C 3 + 3 C x , we get 
0 

-5 + 3X 


5 + X 


■ 0 


0 


(5 + X) + (2 + X) (3X - 5) = 0 
=> 5 + X + 6X-10 + 3X 2 - 5X = 0 
=> 3X 2 + 2X - 5 = 0 => (3X + 5) (X - 1) : 

=> X = -5/3 or X = 1. 

29. (b): For the system of equations having no solution, 

we must have 

k+1 8 4 k 

-=-+- 

k k + 3 3k-1 

=> (Zc + 1) (Zc + 3) = 8 k and 8(3/c - 1) ^ 4k (Zc + 3) 

But (Zc + 1) (Zc + 3) = 8/c => k 2 + 4/c + 3 = 8/c 
or A: 2 - 4k + 3 = 0 or (Zc - 1) (Zc - 3) = 0 => k = 1 or 3 
For k = 1, 8(3/c - 1) = 16 and 4/c (Zc + 3) = 16 
8(3 k - 1) = 4/c (Zc + 3) for /c = 1 
For /c = 3, 8(3/c - 1) = 64 and 4/c (k + 3) = 72 
z.e. 8(3/c - 1) ^ 4/c (/c + 3) for Zc = 3. 

Thus, there is just one value for which the given system 
of equations has no solution. 

30. (b):/(A) = / + A + A 2 +.+ A 16 


Since, A = 


A 3 =A 2 -A = 


0 5 
0 0 
"0 0 
0 0 

Similarly, A 4 = A 5 = 


0 5 
0 0 


:A 16 : 


0 0 
0 0 


~1 o" 


"0 5" 


o 

o 


o 

o 


+ 


+ 


+ ....+ 


0 1 


0 0 


0 0 


0 0 


m= 


1 5 

0 1 

31. (c): a _L (b + c) => a • (b + c) = 0 
=> a - b +a -c = 0 

Also, b • c + b • a = 0 and c - a + c • b = 0 
Adding, 2(3•f?+^*c + c-3) = 0 

NOW |fl + /7+C | 2 =(^ + /7+c)*(fl + /7+c) 

= | ^ | 2 + | b | 2 + | c | 2 + 2(a • b + b • c + c • #) 
= 9 + 16 + 25 + 0 = 50 
I u + b + c 1= 5 V 2 


32. (b) : Lines are coplanar if 


2x x - x 2 = 2 


1 1 1 

2 x x x 2 

3 4 5 


Also, sum of roots = 


~(x 2 + 2) 


-2x 


l 


33. (a) : Variance = (S.D.) 2 = — Zx 2 

n 


= -2 


5A 


V « / 
/ 


Xx 


«(« + 1) (2n + 1) 

6n 


n(n + 1) "l 2 n 2 -1 


2 n 


12 
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*ALOK KUMAR, B.Tech, NT Kanpur 


PART A 


1. If A(n) represents the area bounded by the curve 
y - nlog e x, where n e N and n > 1, the x-axis 
and the lines x = 1 and x - e, then the value of 
A(n) + n(A(n -1)) is 


(a) 


(b) 


(c) rc 2 (d) — 


e+1 e ' ' e-l 

2. P, Q, R and S are the points of intersection with 
the co-ordinate axes of the lines px + qy = pq and 
qx + py- pq, then ( p, q > 0) 

(a) P, Q, R, S form a parallelogram 

(b) P, Q, R, S form a rhombus 

(c) P, Q, R, S are concylic 

(d) none of these 

3. Let f(x) be a function satisfying / \x) = f(x) with 
/(0) = 1 and g be the function satisfying f(x) +g(x) = x. 


then the value of j f ( x)g [x)dx 


(a) 


izf! (b) (c) £ (d) e " 2 


(a) 2yll-k (b) 2^/l + k 

(c) 2 yfk (d) none of these 

5. The greatest possible number of points of intersection 
of 6 straight lines and 4 circles is 
(a) 55 (b) 75 (c) 45 (d) 51 


6. If the points A(z), B(-z) and C(z - 1) form an 
equilateral triangle, then value of z is 


(a) 


(c) 


2± V3z 

4 

2±Si 


(b) 


(d) 


1± ~j3i 
4 

2±2i 


4 4 

7. If a, (3 are two points in the domain of the function 
f(x) = x +cosx, then which of the following is true? 

(a) cosa - cos(3 < (3 - a 

(b) |cosa - cos(3|<|a - (3| 

(c) cos(3 - cosa > a + (3 

(d) none of these 

8. If cos28° + sin28° = fc 3 , then cos 17° is equal to 




(c) ± 


4~2 


U 3 

(b) -4= 

v2 

(d) none of these 


2 2 2 4 

4. If a, (3, y> 8 are the smallest positive angles in 
ascending order of magnitude which have their sines 
equal to the positive quantity k , then the value of 

. . a P y - 8. 

4sin —+ 3sin —+ 2sin —+ sin— is equal to 
2 2 2 2 


9. If x 3 - 2x + 6 = 0 has roots a, (3, y, then a 3 + p 3 + y 3 
is equal to 

(a) -18 (b) 0 (c) 2 (d) 12 

10. Let/: X—> Y, f(x) = sinx + cosx + 2c/2 is 

invertible, then X —> Y is (are) 

n 5n 


(a) 

(b) 

(c) 

(d) 


—> 

4' 4 
71 371 
4 ’ 4 
371 371 

. 4 5 4 
371 n 

4 ’ 4 


[V2,3V2] 

[V 2 , 3V2] 

[c/2, 3c/2] 

-^ [V2, 3V2 J 






* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91). 
He trains NT and Olympiad aspirants. 
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11. The range of values of a so that all the roots of the 
equation 2x 3 - 3x 2 - 12x + a = 0 are real and distinct, 
belong to 

(a) (7, 20) (b) (-7, 20) 

(c) (-20, 7) (d) (-7, 7) 

12. If a is a real root of the cubic equation ax 3 + bx 2 + bx + 


a = 0, then the value of lim 


tan ( ax 3 + bx 2 +bx + aj 


is 

(a) 0 


(c) 


a (l + a) 
l-a 


x—>- 


(b) 


(d) 


(<ax - 1) 


a (a +l) 


a 


a(a + l) 2 (l-a) 


a 


[Xi ~X 2 ) 2 + [5 + ^ 1 - X 2 ~X 2 


13. Min 


V Xp x 2 E £ is 

(a) 4V5 + 1 (b) W5-1 

(c) V5 + 1 (d) V5-1 

14. Number of real values of a(a E I) satisfying the 
equation [sin*] 2 + sinx -2a = 0 is (where [.] denotes 
the greatest integer function) 

(a) 0 (b) 1 (c) 2 (d) 3 

15. The distances of the roots of the equation 
tan Q 0 z n + tanB^ ~ 1 + ... + tan0 n = 3 from z = 0 


where 0 O , 0 t , 0 2 ,....,0 „e 


0 , - 

4 


satisfy 


(a) greater than 2/3 

(b) less than 2/3 

(c) greater than JcosOj + |cos0 2 | + ... + |cos0j 

(d) less than jcosOj + |cos0 2 | + ... + |cos0j 


16. If x >0, n E N 
(a) < 1 

(c) > 


IS 


2n + l 
1 

2/7 + 1 


2/7 + 1 
2 


17 . 


If 1 


x 2 dx 


V* 4 - 

xdx 


x 2 -hi 


1/3 


dx 


2 f + [ x ~t 

(a) -I (b) 0 


1/2 ,v\ lx 2 + ‘, -1 

(C) I (d) 21 


1 


is equal to 


18. The differential equation for the family of curves 
y 2 - asinv + bcosx(a, b being parameters) is 

w + - ° 
d 2 v dy h 

(b) 2y—?r+ -f- +y = 0 
dx 2 \dxj 


(c) 2y^ + 2 
7 dx 2 


dy 

\dx 


- y = 0 


(d) none of these 

19. Two circles are constructed taking two sides of 
a triangle as diameters, then the probability of 
these two circles intersecting on the 3 rd side of the 
triangle is 

1 


(a) 0 


(b) 


,c) 5 


(d) 1 


20. If x 2 + ax - 3x - (a + 2) = 0 has real and distinct 
roots, then minimum value of 


a 2 +1 

Q 2 + 2 


IS 


(a) 1 


(b) 0 


(c) 1/2 (d) 1/4 


l + x + x 2 +... + x 2n 


(b) < 

(d) > 

2/7 + 1 

: /, then the value of 


21. If x and v be unit vectors and \z\ = —j= such 

7 V7 

that z + z x x = y , then the angle 0 between x and 
z is 

(a) 30° (b) 60° 

(c) 90° (d) none of these 

22. Let h(x) = x m/n for x E R where m and n are odd 
numbers and 0 < m < n, theny = h(x ) has 

(a) no local extremums 

(b) one local maximum 

(c) one local minimum 

(d) none of these 

23. In a triangle ABC if A = (1, 2) and internal angle 
bisectors through B and C arey = x and y = -2x. The 
inradius r of the A ABC is 

1 „ x 1 

^3 
2 
3 

i|jtsec 2 xj 


(a) 

(c) 


(b, vi 

(d) none of these 


tan 


24. lim 


*->0 x tan 1 x 


is equal to 


(a) -71 

(c) 0 


(b) 71 

(d) none of these 
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25. Let X be a set containing n elements. If two 
subsets A and B of X are picked at random, the 
probability that A and B have the same number 
of elements is 


(a) 


2 n 


c„ 


(b) 


2 n, 


c„ 


(c) 


1.3...(2n-l) 


2 -n\ 


■x n 

(d) — 
4" 


PART B 


1. In a triangle ABC , prove that 

.A . B . C 3 TT 

sin —h sin —h sin — < —. Hence deduce that 
2 2 2 2 

7i +A n + B 7i + C 1 

cos-cos-cos-< — • 

4 4 4 8 


2. If 


cos 0t sin 0i cos0 n sin0 ( 


+ - 


+ - 


^0 


cos 0 O sin 0 O cos 0o sin0o 


= 1, where 0 p and 


0 O do not differ by an even multiple of 71. 

^ . cos 0i- cos 0 n sin 0i-sin 0 n 

Prove that-^ a = -1. 

cos 2 0 2 sin 2 0 2 

Find the locus of the foot of the perpendicular, let 
fall from the origin upon any chord of the circle 
x 2 + y 2 + 2 gx + 2 fy + c = 0, which subtends a right 
angle at the origin. 


4. Let and x 2 be two concentric circles. Let 
A 1 B 1 C 1 and A 2 B 2 C 2 , be any two equilateral 
triangle inscribed in i 1 and x 2 respectively. 
If P x and P 2 be any two points on x x and x 2 

respectively, show that (P^) 2 + (P^) 2 + (P 2 C 1 ) 2 

= (PiA 2 ) 2 + (PiB 2 ) 2 + (P 1 C2) 2 - 


5. In any acute angled A ABC, ZA = 30°, H is the 
orthocentre and M is the midpoint of BC. On the 
line HM, take a point T such that HM = MT. Show 
that AT = 2PC. 

2 2 
JC V 

6. Two tangents to the hyperbola —-— = 1 having 

a 2 fr 2 

slopes and m 2 cut the axes in four concyclic 
points. Find the value of mym 2 . 

7. Prove that line joining the orthocentre to the 
centroid of a triangle formed by the focal chord of 
a parabola and tangents drawn at its extremities is 
parallel to the axis of the parabola. 


8. Prove that the equation x 6 + 2x 3 + 5 + ax 3 + a = 0 
has at the most two real roots for all values of 
a E R — {—5}. 

9. Find the range of the function 

f(x) = sin -1 

71 

10. If the angle A of triangle ABC is —, then prove that 

3 

the vertices B , C, orthocentre, circumcentre and 
incentre are concylic. 

11. Find the equation of the line passing through (1,1,1) 
and perpendicular to the line of intersection of the 
planes x + 2y - 4z = 0 and 2x - y + 2z = 0. 

12 . (i) Solve the equation cos 2 x + cos 2 2x + cos 2 3x = 1. 
(ii) Determine all values of x in the interval 
x G [0, 27i] which satisfy the inequality 

2cosx<| Vl + sin2x - Vl-sin2x \ 


4 . 


1 + x^ 


V1 + 5x 


10 


SOLUTIONS 


PART A 


1. (c): Since, y-n ln(x), n > 1, n e N 

e 

A(n) = jn ln(x) dx-n 
l 

.*. A(n) + n(A) (n-l) = n 2 . 


2. (a) : If the points of intersection of two lines with 

co-ordinate axes be concylic, then product of intercepts 
on x-axis is equal to product of intercepts on y-axis by 
these lines. This is a geometry property. The intercepts 
on x-axis are b and a whose product is pq. Also the 
intercepts on y-axis are p, q whose product is also pq. 
Hence the four points are concylic. 


3. (a) :/'(x)=/(x). 

Integrating, log /(x) = x + k or /(x) = e x+k 
/(0) = 1, 1 = e° • e k => k = 0 
f(x) = e x 

g(x) = x - /(x) -x-e x 

l l l 

I = J e x (x - e x )dx = J e x xdx - J e 2x dx 
0 0 0 


, £r 1 3 eT 

-e-(e-l) -+ - =- 

2 2 2 2 


3-e 2 

2 


4. (b) : Given a < (3 < y < 8 

Also, sina = sin(3 = siny = sin8 = k and a, (3, y, 8 are 
smallest positive angles. 

.-. (3 = 7i - a, y = 271 + a, 8 = 371 - a, 
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as sin(3 = sina and (3 > a ; sin(3 = siny and y > (3; 
siny = sin8 and 8 > y. 

Putting these values in the given expression, we get 


2 


a 

sin—K cos - 


a 


= 2\ll + sin a — 2%/l + fc. 


3 z 2 - 2z + 1 = -z 2 
2±V4-16 


4z 2 - 2z + 1 = 0 

2 ± 2 V 3 i 


1 + V3 i 


-(I) 

...( 2 ) 


10. (a) : f(x) = 4. 2 sin 

/ 

or, /(x) = V2 cos x - - 
and X = 


n 

x + — 

V 4y 


71 


+ 2V2 

+ 2V2 => 7 = V2, 3V2 J 


371 n 


n 5n 

4 ’ 4_ 

or 

_4’ 4 _ 


12. (d) : Clearly, x = -1 and 1/a are the other roots. 

1 


tan 


lim 


a(x + l)(x-a) x- 


a 


5. (b) : Two lines can meet in a point. 6 C 2 =15 
Line and circle meet in two points = ( 6 C 1 x 4 C X ) x 2 

= 48 

Two circles meet in 2 points = 4 C 2 x 2 = 12 

Total number of points = 48 + 15 + 12 = 75. 

6. (b) : If z, -z and z - 1 form equilateral triangle then 

z 2 + z 2 + (z - l) 2 = -z 2 - z(z - 1) + z{z - 1) 


tan 


lim 


(ax-1) 


a(x + l)(x-a) x- 

a 


a 


a x — 


a 


1 > 

f 1 A 

-!l 

— 1 

la J 

la J 


8 8 

7. (b) : /(x) = x = cosx ,/'(x) = 1 - sinx > 0 
=> /(x) is increasing function. 

If a > (3, a + cosa > (3 + cos(3 
=> cosa - cos(3 > (3 - a 
=> cos(3 - cosa > a - (3 
If (3 > a => cos(3 + (3 > cosa + a 
=> cosa - cos(3 < (3 - a 
From (1) and (2), |cosa - cos(3| < |a - (3|. 

8. (a) : cosl7° = cos(45° - 28°) 

= cos45° cos28° + sin45° sin28° 

_ cos 28° +sin 28° _ k 3 

9. (a) : a + |3 + y = 0, a|3 + (3y + Y a = -2, a^Y = -6 
a 3 + P 3 + y 3 — 3aPy = (a + P + y)(a 2 + P 2 + y 2 

- aP - Py - ya) = 0 
a 3 + P 3 + y 3 - 3aPy = 3(-6) = -18. 


= lim — (x + l)(x-a) = — 
ia a 

a 

a( a + l) 2 (l-a) 


a 

13. (b) : Given expression is the shortest distance 
between the curves x 2 + (y - 5) 2 = 1 andy 2 = 4x. 
Normal to the parabola y 2 = 4x is y = mx - lam - am 3 
passes through (0, 5) gives m 2 + 2m + 12 = 0, thus only 
1 real value of m = -2. 

Hence, corresponding point on the parabola is (4, 4). 
Thus, required minimum distance 

= V4 2 + 8 2 —1 = 4V5—1. 

14. (c): la - [sinx] 2 + sinx => sinx e / (as a e I) 

=> [sinx] = sinx => la - sinx(sinx +1). 

Also, sinx can take the values -1,0 and 1 only. 

=> a can take only two values 0 and 1. 

15. (a) : 3 = | tan Q G z n + tan § x z n ~ X + .... + tan Q n \ 

=> 3< |tan0 o | \z\ n + |tan0 1 Hzf 2-1 +.+ |tan0 n | 

=> 3< \z\ n + \z\ n ~ l + ....+ 1 


Since, |tan0j < 1 


3 < 1 + \z\ + z 2 + ... + 


3 < —-— 
l-\z\ 

3\z\ >1 


=^> 3-3\z \ <1 — 3\z \ < 1 — 3 = —2 


i i 2 

z > - • 
1 1 3 


11. (b) : Let/(x) = 2x 3 - 3x 2 - 12x + a, then, 

/'(x) = 6(x 2 - x - 2) = 6(x + l)(x - 2) 

So, the roots of/'(x) = 0 are x = -1, 2. 

Now,/(x) = 0 will have all real roots if/(-l) > 0 and 

f(2) < 0. 

=> -2-3+12 + a>0 and 16 - 12 - 24 + a < 0 
=> -7 < a < 20. 


16. (a) : x + — >l,....,x n + — >2 


On adding, 

/ 


( r 

x + — 

)+ 

( i 3 

2 1 

X +—C 

+ ...+ 

f 1 3 

x n + — 

V 

) 

2 

3 x 3 


l x n J 


> In 


1 1 1 

-1-- +.... H- 

\x n x n ~ l x 


+1 + (x + x +.... + x”) > 1 + 2n 

(1 + x +... + x n ~ l + x") + x” +1 + x" +2 +.+ x 2n 

x n 

>1 + 2 n 
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1 


l + x + .... + x 2 " 1 + 2 n 

xdx 


17. (d) : / 


= \ 


1 + 1 x —— 

3 

+/- 


1/3 

J- 


dx 


xdx 


t 3 dt 


1 + 


= / 


f 1 

X- 

V X 

xdx 


VJ i+ 


'l x2 


- t 


1 + 


3 

'+J- 


tdt 




= 1 + 1 = 21 , 


As I = \ 


•’ x 2 dx 


Vx 4 - 


= / 


xdx 


= J- 


x"+l 2 

xdx 


x 2 -l+ \ 


tdt 



r if 2 

F 

r if 

x i 


< 

l xj 

V 

l o 


18. (d) : 2 7 ^4 + 2f^ 

dx z \dx^ 


+ y =0. 



a z + 2 2 


21. (b) : c + c x x = y =^> |2 + 2 xi| 
=> (z + J x x) • (S + S x x) = | y | 2 = 1 

|z 2 | + |z| 2 |x| 2 sin 2 0=1 
1 




M = 


V l + sin 2 0 


2 • Q V3 

— 7 = =^> sm 0 = — 

v7 2 


0 = - = 60° 
3 


m-n _(even) 

22. (a) :h ' M= ™ x ^ = ™ = ™ x \o dd ) 

n n n 

So, h(x) is undefined at x = 0 and h\x) does not change 
its sign in the neighbourhood. So, no extremums. 

23. (b) : Image of A about y = x,y = -2x are A x and A 2 
which lies on BC. 

f n 2 n 

7’ i 


A x ={2, 1), A 2 = 


Equation of BC is x - 7y + 5 = 0 


r = 


V1+49 


5^2 \/ 2 ‘ 


. . tan (ti sec 2 x) , - tan (71 - nsec 2 x) 

24. (b) : lim-—-= lim-—- 

xsin l x xsin l x 

j 

tan(7itan x) 


: 

xsin -i x 

tan (71 tan 2 x) 7itan 2 x x 
= lim---x--— x 


xsin x x 


= 71. 


19. (d) : Let their point of intersection other than A 
be D. As AB is a diameter of C x 

71 

ZACD = - 
2 

AC is a diameter of C 2 
71 

/. ZADC=- 
2 

So, ZBDC = n 
=> B, D, C are collinear. 

Hence, its a certain case. Probability = 1. 

20. (c): D > 0 => (a - 3) 2 + 4(a + 2) > 0 

u z — 6ci + 9 + 4 u + 8 > 0 
=> a 2 - 2a + 17 > 0 => a E R 

O « 2 +l , 1 .1 

So, —-= 1 ->-• 

u +2 


71 tan x x 

25. (c): Number of ways to choose A and B 

= 2 n • 2 n = 2 ln . 

The number of subsets which contain exactly r elements 
in n C r . 

Number of ways to choose A and B such that they 
have same number of elements is 

(”C 0 ) 2 + ("C+ + (”C 2 ) 2 + ... + ( n C n ) 2 = 2n C n 

2 n, 

Required probability = 


n C n _ 1-3-5...(2n-l) 


2 2 ” 

PART B 

T .A . B . C 
1. Let sm — + sin — + sin— = k 
2 2 2 


A+B A-B A+B , 
or, 2 sm-cos-+ cos-= k 


2 n -n\ 


2 A + B 

2sin-2 cos 


4 4 

A-B . A+B 


Since, sin- 


4 

A + B 


-sin- 


+k- 1=0 


0 A — B 

is real, - 4cos 2 -8(fc -1) > 0 


=> 2(/c-1)<cos 2 ——— <1 => k<- 
4 2 

A — B . A + B . 2^4 + 5 3 

Hence, 2 cos-sm-2sin -+ 1< — 

4 4 4 2 


or, 2 sin - 


A + B 


A-B n-C 
cos - sm- 


<1 
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2 sin- 


A + B 


A — B tc + C 
cos-cos- 


<i 


A + B . 71 + C + A — B . 7I + C — A + 5 1 

or, 4 sin-sin-sin-< — 

4 8 8 2 

„ . n-C . n-B . 7 i-A ^ 1 

or, 4sin-sin-sin-< — 

4 4 4 2 

7T + C 71 + 5 71 + A 1 

=> cos-cos-cos-<-. 

4 4 4 8 

^ _i . _ „ , r cos 0 sin 0 

2. Clearly, 0 p 0 Q are the roots ot-— +-— = 1 


cos© ^ sin 0 


cos 0 2 

cos 2 0 
cos 2 0 ' 


sin 0 O 


= 1 + 


sin 2 0 
sin 2 0 9 


1- 


cos 0 2 sin 0 2 


= 0 


cos 2 0 


2 J 


As the roots of this equation are 0 Q and 0 2 

_ _ (cos 2 09 - 1 ) • cos 2 0 ? • sin 2 0 ? 

=^> sin 0 O • sin 0 X =------- 


sin 0 O • sin 0 


sin 2 0 9 


cos 2 0 2 (sin 2 0 2 + cos 2 0 2 ) 


= - sin 09 


= -sin 09 


Similarly making a quadratic in cos0, we get 


COS0q• cos0 1 
v cos 2 0 2 


-cos 2 0 2 


J 


cos 0 O • cos 0 t sin 0 n • sin 0 


cos 2 0 2 


+ - 


0‘ 


A 


sin 2 09 


= - 1 . 


3. Let P = (ft, k ) be the foot of the perpendicular 
Now, Ih + mk = 1 

, k f * i , 

and m op ' m AB ~ “I -l = “l 


h 


m 


-;/ = ■ 


ft 


=> kl = mh 

We now get, m = — . 

h 2 +k 2 h 2 +k 2 

Making AB homogeneous with curve, we get equation 
of OA and OB as 

x 2 y 2 + ( 2 gx + 2 fy)(lx + my) + c(lx + my ) 2 = 0 


C 2 A C ? — 0 

x y 


[Y z2AOB = 90°] 


l - 2gl + cl 2 + l + 2 /m + cm 2 = 0 


2 + 2^ 


ft 


++fc 2 


+ 2 / 


- + c- 


h 2 +k 2 


h 2 + k 2 (h 2 + k 2 ) 2 


Locus of P is 2x 2 + 2y 1 + 2 gx + 2fy + c = 0. 


4. Let the centre be origin complex no. associated 
with A p 5 p C 1 and A 2 , B v C 2 are respectively z v z 2 , z 3 
and z 4 > z 3 , z 

Complex no. associated with p x is z 7 and p 2 is z g . 
Now, z v z v z 3 and z 7 are concentric, hence 

kil = \ z 2 \ = \ z i\ = l^l = r i (radius of T x ) 
Similarly, \z 4 \ = \z 5 \ = \z 7 \ = |z g | = r 2 (radius of t 2 ) 

Now, (P 2 A 1 ) = I 24 - Zg | = (z^ — ZgXz^ — Zg) 


'll +1*8 I 


* 1*8 * 1*8 


Similarly, (P ^) 2 = | z 2 - z 8 f= (z 2 - z 8 )(z 2 - z 8 ) 

z l\ 


-1 z, | 2 +1 z 8 \ 2 z 2 z 8 z 2 z 8 


(P 2 Ci) 2 -|z 3 z 8 | 2 -(z 3 z 8 )(z 3 z 8 ) 


- I z 3 I + I z 8 I Z 3 Z 8 Z 3 Z 8 

Adding all of them we get 

(. pA ) 2 + ( W 2 + ( p ^) 2 
= l z + + l z 2 l 2 + l z sl 2 + 3 l z sl 2 = 3(4 + r 2 2 ) 

which is symmetric in r ] and r 2 . Hence the result holds. 

5. Here, H is the orthocentre, m is mid-point of 5C. 
Let, D be the circumcentre. 

Complex number associated with A, B , C are z p z 2 , 
z 3 respectively. 

=> \z } \ = \z 2 \ = |z 3 | = R (Circumradius) 


and m = 


z 2 + *3 


Let the complex number associate with T be t 
H = z x + z 2 + z 3 (orthocentre) 

Now, HM = MT (given) 


*1 +*2 + £3 + t ^2 + *3 


AT: 


-*l-*ll 


- 2 z T 


> t = -4 

BC 

2R and -- = 2 T 

sin 30 


BC = 2R = - = R => AT = 2BC. 

2 ,- 

6 . Let the tangent be y = mpx + ^a m 1 - ft 


/ 9 9 

y = m 2 x + ^a m 2 -ft 
Points of intersection of these tangents with axes are 


/ 2 2 
-ya m 1 


m. 


,| 0 , ^a 2 m 2 -b 2 


-fr 2 


,0 


m-) 


Now as four points are concyclic 
-yja 2 m 2 - ft 2 -^ja 2 m 2 - ft 


m. 


,0 


m 0 
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4 


2 2 
a m. 


m x m 2 - 1. 


-b 2 yfa 


2 2 
m 2 ' 


7. Let the parabola be y 2 = 4ax. 
A PQR is right angled at R. 


Coordinates of R ■ 


dy a | t 

t J 


and the coordinates 


of the centroid (G) = 


r 


1 


\ 


h + T _1 

f i j 


,a 


o 

f-- 

o 


Hence, the slope of line RG = 0. 

8. The given expression is (x 3 +1) 2 + (x 3 + 1) + 4 = 0 
Discriminant of the above equation is less than zero 
i.e. D < 0. 

Then, we have six complex roots and no real roots. 

If D > 0, x 3 + 1 = t, then the equation reduces to 
f(t) = t 2 + at + 4 = 0 

we will get two real roots and other roots will be 
complex except when t = 1 is one of the root 
=> /(1) = 0 => a = -5. 


9. Consider, g(x) = < 


1 + x^ 


' 1 + 5x 


10 


Also g(x) is positive V x e R and g(x ) is continuous 
and g(0) = 1 and lim g(x) = 0. 

=> g(x ) can take all values from (0, 1] 

=> Range of /(x) = sin~ l (g(x)) is 



10. The angle subtended by the side BC at the 
orthocentre, the circumcentre and the incentre are 

A 

B + C, 2A and 90° + — respectively. 

^ A 

If ZA = 60°, then5 + C = 2A= 90° + - = 120° 

2 

=> Angle subtended by BC at orthocentre, circumcentre 
and incentre are equal. 

11 . Equation of the plane through the lines x + 2y - 4z = 0 
and 2x - y + 2z - 0 is x + 2y - 4z + X(2x - y + 2z) = 0 

... (i) 

If (1, 1, 1) lies on this plane, then -1 + 3X = 0 
=> X = 1/3. So, the plane becomes 
3 x + 6y - 12z + 2x - y + 2z = 0 
=> x + y - 2z = 0. ... (ii) 

Also (i) will be perpendicular to (ii) 

if 1 + 2X + 2 — X — 2(—4 + 2X) — 0 => X = — 

3 

=> Equation of plane perpendicular to (ii) is 

5x - y + 2z - 0. ...(iii) 


Therefore the equation of line through (1, 1, 1) and 
perpendicular to the given line is parallel to the normal 
to the plane (iii). Hence, the required line is 
x-1 _ y-1 _ z-1 . 

5 ~ -1 ~~ 2 

12 . (i) cos 2 x + cos 2 2x + cos 2 3x = 1 
=> 2cos 2 x + 2cos 2 2x + 2cos 2 3x = 2 
=> cos2x + cos6x + 2cos 2 2x = 0 
=> 2cos4x cos2x + 2cos 2 2x = 0 
=> cos2x(cos4x + cos2x) = 0 

=> 2cosx cos2x cos3x = 0 

71 71 

=> x = (2m +1) — or x = (2n +1) — 

2 4 

71 

or x = (2k + 1) — where m, n and k e /. 

6 


Alternative solution : 

cos 2 x + cos 2 2x + cos 2 3x = 1 
Let z = cosx + zsinx 

(z + z" 1 ) 2 + (z 2 + z~ 2 ) 2 + (z 3 + z~ 3 ) 2 = 4 
z 2 + z~ 2 + z A + z~ A + z 6 + z~ 6 + 2 = 0 
=> z~ 6 + z -4 + z~ 2 + 1 + z 2 + z 4 + z 6 = -1 

l-z 2 

z~ 6 - z 8 = -(1 - z 2 ) => z 7 - z~ 2 = -(z - z~ l ) 
=> sin70 = -sin0 or sin70 = sin(-0) 

70 = Ml + (-\) n (-0) 

Let n = 2m 70 = 2mn - 0 

TMl 

0 =-, Here, me/ and m ^ 4k, k e I 

4 

Let n = (2m + 1) 


=> 70 = (2m + 1)71 + 0 =>0 = (2m + l) — 

6 

(ii) It is evident from the inequality that 
|Vl + sin2x - Vl-sin2x <V2, xe[0, 27i] 

k/l + sinx ■ 


as 


-vr 


sinx 


< Vl + sinx < V2 


Now, 2cosx< |Vl + sin2x - Vl- sin2x| holds for all 
for which cosx < 0. 


XG 


71 371 
2 2 


. Now, if cosx > 0, then 


2 / . 2 
4cos x<l + sin2x + l-sin2x-2Vl-sin 2x 


2 + 2cos2x <2 - 2|cos2x 
|cos2x| < -cos2x => xg 


71 371 
4 5 4 


u 


571 771 
4 ? 4 


Hence, x e 


71 

j 

4 


77t 

4 
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1. 



+ 1 


dx = 


(a) sec 


( 2 ^ 

X+1 


1 _i 

+ c (b) ~J^ sec 


(2 

X +1 

y J 


+ c 


1 

(c) —j=sec — 7 =- 

V 2 ^ V 2 

1 e* 


+ c (d) None of these 


f € f X 

2. Let L = - dx and J 9 = — - dx , then 

T 1 j i+x z J „3x 


ii _ 


o e (2-x D ) 




(a) - 

e 


1 


(b) - (c) 3e (d) — 

3 3e 

18 18 

3. If ^ (x - 8) = 9 and ^ (x f - 8) 2 = 45 then the 

i =l i =l 


standard deviation of the observations x v x v ..... x ls is 
(a) 4/9 (b) 9/4 (c) 3/2 (d) 2/3 

4. The distance of the point (1,2,3) from the plane 

x + y + z = 11 measured parallel to the line 

x + 1 y- 12 z-7. 

-= --=-is 

1 -2 2 

(a) 5 (b) 10 (c) 15 (d) 20 

5. The diameter of the circle having the pair 
of lines x 2 + 2 xy + 3x + 6y = 0 as its normals and 
having the size just sufficient to contain the circle 

- 4) + y(y - 3) = 0 is 


(a) 10 (b) 15 (c) 7 (d) 11 

6. The point of intersection of two tangents to the 

2 2 

hyperbola — _Z_ = i the product of whose slopes 

a 2 fr 2 

is c 2 , lies on the curve, 

(a) y 2 - b 2 - c 2 (b 2 + a 2 ) 

(b) y 2 + b 2 = c 2 (b 2 - a 2 ) 

(c) x 2 + b 2 - c 2 (b 2 - a 2 ) 

(d) y 2 - a 2 = c 2 (fr 2 + a 2 ) 

7. If f(x) is the solution of the equation — = -2v 
(y - 1) with/(0) > 1, then Lt f(x) is 

(a) 0 (b) 2 

(c) 1 (d) doesn't exist 

8. Length of the normal chord of the parabola 

71 

y 2 = 4x which makes an angle of —, with the x-axis is 

4 

(a) 8 (b) 8^2 (c) 4 (d) 472 

x n 

9. Lt — = 0 ( n is an integer) for 

x —>°° gX 

(a) no value of n 

(b) all values of n 

(c) only negative values of n 

(d) only positive values of n 

10. Statement-1: / : A —» B and g : B —» C are any 
functions then (gof)~ l =f~ l og~ l 

Statement-2 :f:A^B and g : B —> C are bijections 
then/ -1 , g~ l are also bijections. 


By : Prof. Shyam Bhushan, Director, Narayana NT Academy, Jamshedpur. Mob. : 09334870021 
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(a) Statement-1, Statement-2 are correct, Statement-2 
is correct explanation to Statement- 1 . 

(b) Statement-1, Statement-2 are correct, Statement-2 
is not correct explanation to Statement- 1 . 

(c) Statement -1 is true, Statement -2 is false. 

(d) Statement -1 is false, Statement -2 is true. 


SOLUTIONS 



-J 


dt 

dt 2 - 2 


[Put t = \flsecQ] 


r V2sec0tan0d0 _ 1 
:J v? sec ©V2tan0 V 2 


-if 1 
sec x + — 

1 V X J ■ _ 1 -1 

1 — 1 — c — 1 — sec 

v 2 v 2 V 2 


(2 

x +1 

y V 2 X j 


+ c 


2 . (c) : Put x 3 = t 


_ 1 j- dt _ 1 I- e l 
2 _ e f (2-t) _ 31e(l + f) Mt ~3e ±l 


dt — => — = 3 e 


18 18 

3. (c) : Let x { -8 = x. Then, = 9, ^x 2 = 45 

1=1 1=1 


S.D = 




n y 



4. (c):fzl = Zzl = ^ = X 

1 -2 2 


Point on the 


plane 

= A + 6 = 11 A = 5 
( 6 , - 8 , 13) 


(A, +1, —2A + 2,2A + 3) 


5. (b) : Normals 
Centre of given circle = ( 2 , 3/2) 




Radius = 5/2 

Radius of required circle = 5 +5/2 = 15/2 
Diameter =15. 


6 . (b) : y = mx ± \Ta 2 m 2 - b 2 


y-mx = ±\la 2 m 2 -b 2 = 0 

=^> y 2 + m 2 x 2 - 2mxy = a 2 m 2 - b 2 
=> fc 2 + m 2 b 2 - 2m/zfc = a 2 m 2 - b 2 
m 2 (b 2 - a 2 ) - 2mhk + b 2 + k 2 = 0 
2 2 

=> ^ = c 2 + y 2 = c 2 (t> 2 - a 2 ) 

b 2 -a 2 

7. (c) : — + 2 x 7 = 2* 
dx 

f 2 xdx x 2 

e J = e 


ye 


= Je* 2 xdx = e x +< 


A~l + 7 


Lt 7 = 1 

8. (a) 

9. (b) : Successive application of L ’hospital’s rule. 

10 . (d) : Function need not be invertible. 
.<$><$> 
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Raj Book Agency-Tilak Nagar Ph: 64534374; Mob: 9811234161 
Janta The Bookshop - Vikas Puri Ph: 24604413; Mob: 9311167890 
Mishra Book Depot - Wazir Nagar Ph: 26864637; Mob: 9313799595, 9818779375 

Visit "MTG IN YOUR CITY" on www.mtg.in to locate 
nearest book seller OR write to info@mtg.in OR call 
0124-6601200 for further assistance. 
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MUSING 


SOLUTION SET-172 


1. (c) : The lines are 

x-b _ y _ z-d & x-b f _y _ z-d' 
ale ale 

The d.rs are a, l,c and a', 1, c. 

The lines are perpendicular, so, ad + 1 + cc - 0 

2 a 


2. (b) : 2 ae = 8 ....(i), 


= 10 ...(ii) 


Multiplying eqn. (i) & (ii), we get 4a 2 = 80 


■2^5, 


ae = 4 => e = —^ 





+ a ^(1 - ^ ) 

tan— =- 

2 ae 


1 - e 


2 V 5 


tana 


2 tan — 


1 - tan 2 — 
2 


V5 _ 4V5 


1 - — 
20 


19 


/(0) = 0,/(l)= ^- + ^ + e-^-[2a + 3?7 + 6e]= 0 


Required probability = 


16C 


3 


16T5-14 


100C, 100-99-98 1155 


xdv 3 2 n 7 

.. -= v 3 + Vv z - 1 - 

dx 


dx 

x 


1 


1 


dv 


.7^1 v y 

Integrating on both sides, we get 


V + 


cx = 


7 T^ 


1 


Now, y - 1 when x = 1 
y 


7 

e = 1 


= 2=>2(x-l) = V4 - x 2 


=^> x = 

5 


6. (d) : Let t = 2 sin *, then given equation becomes 


at + — — 2 — 0 => at — 2t + a — 0 
t 


On solving, t = 




-, t = 2 sin * e [1, 2] 


1 < 


± -yjl - a 2 


< 2 => a < 1 


and ± ^1 - a 2 <2 a - 1 => 5a 2 > 4a => a > 


a G 


i,i 

5 


n -A 7i-A, 7i +A 
7. (d) : Ai = - , A 2 = zA" = : 


Ao — 


7l-A 9 371-A 


8. (c) 


2 8 
2rsinA 1 


? A 4 — 


71 - A 3 _ 571 + A 


16 


A . A . B . C A 

4 sin — sin — sin — cos 
1 _ 2 2 2 2 


BC 2RsinA 
B-C 


sin A 


19 -1 /19 \ 

=> cos a = —=^a = cos — . 

21 \21/ 

3. (a) : Let/(x) = ^x 3 +^x 2 +cx 
a . b 

3 2- 6 1 

By Rolles theorem,/'(x) = 0 has a root in (0, 1) 

=> ax 2 + bx + c = 0 has a root in (0, 1). 

4. (d) : The numbers to be selected are from the set 
{6, 12, 18, ..., 96} of 16 numbers. 


0 . B . c 

= 2 sin—sin — = cos 

2 2 


. A 
-sin—. 
2 


v / 

9. (6) : a, ar, ar 2 are in G.R and 4a, 5ar, 4ar 2 are in A.R 

/. 4(1 + r 2 )= 10r=>2r 2 -5r+2 = 0=> r = 2, - 
9 2 
v a(l + r + r ) = 42. At r = 2, a = 6 and at r = 1/2, a = 24 


1 


5. (d) : Given equation is homogeneous differential 

equation. So, puty = vx 


10. (a) : (P) y x = -sin -sin _1 x —= 

U ATT 

=> 9(1- x 2 ) y 2 - 1 - y 2 . 

Differentiating and dropping the factor 2y 1? we get 

(i-^ 2 )j 2 -*vi Ay =o^>x= L 

(Q) 7(2) = l,/(2) = 0=>«= 1,& = 0 ) 

y'(x) = 0 => x = -2, 2 y max = y(- 2) = -. 

9 

(R) y = ax 3 + frx 2 + cx + 5 


Also, 


/(2) =f(-2) = 0 
- 8a + 4fo - 2c + 5 = 0 ...(i) and 1 - 2a - Ab + c ...(ii) 

dy 


~ dx j x= o 


c = 3 


...(hi) 


1 3 

On solving, we get a = --,& = - — ,c = 3 


a + + c ~- 


1 3 7 

---- + 3 = -. 

2 4 4 


(S) Tangent at (x, y) is Y - y - (X - x) 


dy 

dx 


At (0, 0) x 3 - 7x 2 + 6x + 5 = 3x 3 - 14x 2 + 6x 
=> 2x 3 -7x 2 -5 = 0. 

Let its roots be x ls x 2 , x 3 x x • x 2 • x 3 = —. 


<$><$> 
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MAiN 


SOLVED PAPER 2017 


*ALOK KUMAR, B.Tech, NT Kanpur 


1. The function f :R^> 

r , v x 

/(*) = - 1S 

l + x 2 

(a) injective but not surjective 

(b) surjective but not injective 

(c) neither injective nor surjective 

(d) invertible 


1 1 

2 ’ 2 . 


defined as 


2. If for a positive integer n, the quadratic equation 

x(x + 1) + (x + l)(x + 2) +. + (x + n - l)(x + ri) = 10 n 

has two consecutive integral solutions, then n is equal to 


(a) 9 


(b) 10 (c) 11 


(d) 12 


3. Let co be a complex number such that 2co + 1 = z 
1 1 1 


where z = V—3. If 
equal to 

(a) z (b) -1 
2 -3 


1 —co 2 — 1 co 2 


1 


CO 


CO 


: 3 k, then k is 


4. If A : 


-4 1 


(c) 1 (d) -z 

, then adj (3A 2 + 12A) is equal to 


(a) 

(c) 


51 63 
84 72 

' 72 -63 

-84 51 


(b) 

(d) 


51 84 
63 72 

' 72 -84 

-63 51 


5. If 5 is the set of distinct values of 'b' for which the 
following system of linear equations 


x + y + z = 1, x + ay + z = 1, ax + by + z = 0 
has no solution then 5 is 

(a) an infinite set 

(b) a finite set containing two or more elements 

(c) a singleton 

(d) an empty set 

6. A man X has 7 friends, 4 of them are ladies and 3 are 
men. His wife Y also has 7 friends, 3 of them are ladies 
and 4 are men. Assume X and Y have no common friends. 
Then the total number of ways in which X and Y together 
can throw a party inviting 3 ladies and 3 men, so that 3 
friends of each of X and Y are in this party, is 

(a) 468 (b) 469 (c) 484 (d) 485 

7. The value of 

( 21 q - + ( 21 c 2 - 10 c 2 ) + ( 21 c 3 - 10 c 3 ) 

+ ( 21 C 4 - 10 c 4 ) +.+ ( 21 C 10 - 10 C 10 ) is 

(a) 2 21 - 2 10 (b) 2 20 - 2 9 

(c) 2 20 - 2 10 (d) 2 21 - 2 11 

8. For any three positive real numbers a, b and c, 
9(2 5a 2 + b 2 ) + 25(c 2 - 3 ac) = I5b(3a + c). Then 

(a) by c and a are in A.P. 

(b) a, b and c are in A.P. 

(c) a, b and c are in G.P. 

(d) by c and a are in G.P. 

9. Let a, b, c e R. If f(x) = ax 2 + bx + c is such that 
a + b + c = 3 and f(x + y) -f(x) +/(y) + xy, V x, y e P, 

10 

then ^ f(n) is equal to 
« = l 

(a) 165 (b) 190 

(c) 255 (d) 330 


* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91). 
He trains NT and Olympiad aspirants. 
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10 . 

(a) 

11 . 

tan" 

(a) 

(c) 


cotx - cosx 

lim -—equals 

x -> n (n- 2xf 
2 


1 

16 


(b) I 
8 


1 


(c) - 
4 


(d) ^ 

24 


If for x e | 0, ~ 


the derivative of 


6xVx 

v l-9 * 3 

3xVx 


1 - 9x 
3 

1 + 9x 3 


is Vx • g(x ), then g(x) equals 


(b) 

(d) 


3x 


l-9x J 


l + 9x J 


12 . The normal to the curve y(x - 2)(x - 3) = x + 6 at 
the point where the curve intersects the 7 -axis passes 
through the point 


(a) 


1 1 

2 ’ 2 




(b) 

(d) 


1 _1 
2’ 3 
_1 _1 
2 ’ 2 


(a) 

(c) 


?° 

4° 


(b) 

(d) 


4 1 


371 

4 


15. The integral f —— — is equal to 

^ 1 + cosx 

71 

4 

(a) 2 (b) 4 (c) -1 (d) -2 

16. The area (in sq. units) of the region {(x, 7 } : x > 0, 

x + y < 3, x 2 < 4y and 7 < 1 + Vx} is 

7 5 SQ 

(b) - (c) - (d) fZ 

2 3 2 12 


(a) - 


dy 


17. If (2 + sinx) — + (7 + l)cosx = 0 and 7 ( 0 ) = 1, 
dx 




then 7 J is equal to 


(a) A ( b ) -I 

3 3 


4 1 

(c) - (d) - 

3 3 

18. Let k be an integer such that triangle with vertices 
(fc, -3k), (5, k) and (-fc, 2) has area 28 sq. units. Then the 
orthocentre of this triangle is at the point 

(a) (4) (b> h-ij ,c) (4) (d > R) 

19. The radius of a circle, having minimum area, which 
touches the curve 7 = 4 - x 2 and the lines, 7 = \x\ is 

(a) 2(72-1) (b) 4(V2-1) 

(c) 4(72+1) (d) 2(72+1) 

20 . The eccentricity of an ellipse whose centre is at the 
origin is 1 If one of its directrices is x = - 4, then the 


13. Twenty meters of wire is available for fencing off 
a flower-bed in the form of a circular sector. Then the 
maximum area (in sq. m) of the flower-bed, is 

(a) 10 (b) 25 (c) 30 (d) 12.5 

14. Let I n =j tan^ x dx, (;n > 1 ). If J 4 + J 6 = a tan 5 x + 

bx 5 + C, where C is a constant of integration, then the 
ordered pair (a, b) is equal to 


equation of the normal to it at - J is 

(a) 4x-2y- l (b) 4x + 2 y = 7 

(c) x + 2y = 4 (d) 27 - x = 2 

21. A hyperbola passes through the point P(V2, V3) 
and has foci at (± 2 ,0). Then the tangent to this hyperbola 
at P also passes through the point 

(a) (272,373) (b) (73,72) 

(c) (-72,-73) (d) (372,273) 

22 . The distance of the point ( 1 , 3, -7) from the plane 
passing through the point ( 1 , - 1 , - 1 ), having normal 

x — 1 v + 2 z — 4 

perpendicular to both the lines 

x -2 7+1 z+7 

and-=-=- is 


-2 


(a) 


2 

10 

783 


-1 -1 
5 

(b) 


783 


(c) 


10 

774 


(d) 


20 

774 


23. If the image of the point P( 1, -2, 3) in the plane, 
2x + 37 - 4z + 22 = 0 measured parallel to the line; 
X V z 

— = — = — is Q, then PQ is equal to 
14 5 

(a) 2742 (b) 742 (c) 6 75 (d) 3^5 

24. Let a = 2i + j-2k and b = i + f. Let c be a vector 
such that | c - a \ = 3, |(5x£>)xc| = 3 and the angle 
between c and a x b be 30°. Then a • c is equal to 


(a) 2 


(b) 5 


(c) 5 


<«f 
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25. A box contains 15 green and 10 yellow balls. 
If 10 balls are randomly drawn, one-by-one, with 
replacement, then the variance of the number of green 
balls drawn is 

(a) 6 (b) 4 (c) A (d) IZ 

25 5 

26. For three events A, B and C, 

P(Exactly one of A or B occurs) 

= P(Exactly one of B or C occurs) 

= P(Exactly one of C or A occurs) = — 

4 

and P(A11 the three events occur simultaneously) 

= Then the probability that at least one of the 
events occurs, is 


(a) 


(b) — 


(c) A 


(d) — 


— w 

16 64 16 32 

27. If two different numbers are taken from the set 

{0, 1, 2, 3,., 10}; then the probability that their sum 

as well as absolute difference are both multiples of 4, is 

6 


(a) — 
55 


14 7 

(b) — (c) (d) ^ 

45 55 55 


(a) 


- (b) - vw -- w - 

3 9 9 5 

29. Let a vertical tower AB have its end A on the level 
ground. Let C be the mid-point of AB and P be a point 
on the ground such that AP = 2AP. If ZBPC = (3, then 
tan(3 is equal to 


(0 -Z 


(d) -- 


1 


(a) - 
4 


(b) 


(c) 1 


(d> | 


2 

9 9 

30. The following statement (p^>q) —> [(~p—>q)—>q\ is 
(a) equivalent to ~p^q (b) equivalent to p^~q 
(c) a fallacy (d) a tautology 


SOLUTIONS 


1. (b) : We have f(x) - 


l + * z 


/'(*) = 


(1 + x z )-l-x-2x 

U + * 2 ) 2 


1 -x 

(1 + x 2 ) 2 


(1 - x)(l + x) 
(1 + x 2 ) 2 


The sign of f\x) is given as 


Now/can be graphed as under 


/ 

F i 

< -1 

y 2 

X 1 ^ >Y 

v • y 

0 


. 7 2 


Clearly function is surjective but not injective, as a 
horizontal line meet the curve in two points. 

[Rating : Challenging] 

n 

2. (c): We have, ^ (x + k - 1)(jc + k) = lOn 

k = i 
n 

=> ^ x 2 + (2k - \)x + k(k -1) = 10 n 
k = l 

=> nx 2 + n 2 x + -n (n 2 - 1) = 10 n 
3 

=> x 2 + nx 4— (n 2 — 1) —10 — 0 
3 

=> 3x 2 + 3 nx + n 2 - 31 = 0 
Let consecutive roots be n and n + 1, then 
(n + 1 - n) 2 = (n + 1 + n) 2 - 4 n(n + 1) 


28. If 5(tan 2 x - cos 2 x) = 2cos 2x + 9, then the value of 
cos4x is 


1 = - 4 


f 2 * ^ 

n -31 


n = 121 .*. n = 11 


[Rating : Challenging] 

3. (d) : We have, z = 1 + 2co 

/— —1 + i'J?) 

i.e., zV3=l + 2co co =- 

2 

Then co is a cube root of unity. 

Also, 1 + co + co 2 = 0 
1 1 1 


Now 


1 —co 2 — 1 co 2 


CO 


CO 


:3k 


1 

1 

1 


3 

1 

1 

1 

CO 

co 2 

= 3 k => 

0 

CO 

co 2 

1 

co 2 

CO 


0 

co 2 

CO 


: 3 k 


3(co 2 - co 4 ) = 3 k 

k = co 2 - co = -1 - co - co = -1 - 2co = -z 

[Rating : Easy] 

2 - 3" 1 


4. (a) : Given, A 


-4 1 


Then, A satisfies the characteristic equation 
A 2 - 3A - 107=0 

Now 3A 2 + 12A = 3(3A + 107) + 12A = 21A + 307 


-1 


-ve 


" 42 

-63" 


"30 

0 " 


" 72 

-63" 

-h-> 

= 



+ 



= 



1 


-84 

21 


0 

30 


-84 

51 
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adj (3A 2 +12A) = 


51 63 
84 72 


[Rating: Easy] 


5. (c) : The equation can be written as 



"l 

1 

1 

X 


"l" 




1 

a 

1 

y 

= 

1 




a 

b 

1 

z 


0 




"l 

1 

1 


"l 

1 

f 

Let A = 

1 

a 

1 

= 

0 

a -1 

0 


a 

b 

1 


a 

b 

1 


=-(i-«r 


The necessary condition isA = 0=>a=l 
But for a = 1 the equation becomes 
x+y + z= 1 
x+y+z =1 
x + by + z = 0 

For no solution b - l. Then 5 is a singleton set. 

[Rating : Difficult] 

6. (d): We can do casework on number of ladies and 
men to be invited. 

X, Y can satisfy the condition in 4 ways 

(i) X invites 3 ladies and Y invites 3 men. 

(ii) X invites 2 ladies, 1 man and Y invites 1 lady 
2 men. 

(iii) X invites 1 lady, 2 men and Y invites 2 ladies, 1 
man. 

(iv) X invites 3 men and Y invites 3 ladies. 

The number of ways 

_ 4r^ 4r^ , 4 r* .3 c .3 C . 4 c 4 - 4 c .3 C Ac 4 - 3/^ .2>n 

- ^3 ^3 T ^2 VV v_>2 T vv ^ v_>2 ^2 i I V_y 3 Vv'3 

= 16 + 324 + 144 + 1 = 485. 

[Rating: Medium] 

7. (c) : ( 21 C X - 10 Cj) + ( 21 C 2 - 10 C 2 ) + ( 21 C 10 - 10 C 10 ) 

- ( 2l C x + 21 c 2 +.... + 21 C 10 ) _ + 10 c 2 +... + 10 C 10 ) 

->21 


.3_ 2 10 - 2 20 _ 2 10 

2 


9. (d) : Given, f(x) = ax 2 + bx + c 
and f(x + y) - f(x) + f(y) + xy 
=> a(x + y) 2 + b(x + y) + c = ax 2 + bx + c + ay 2 

+ by + c + xy 

=> 2axy - c + xy 

i.e. y (2a - 1) xy - c = 0 V x, y e R 

Then, a = -,c = 0 
2 

Also, a -\-b + c- 3 .*. b = 5/2 

1 2 5 

Now, f(x) = —x+—x 
J 2 2 


10 -i 10 c 10 




n-\ n = 1 77 = 1 

_ ^ 10*11*21 510-11 10-11 

~2 


■ H- 

6 2 2 12 

Alternative solution: 

Let x-m,y - 1 in/(x + y) =/(x) +/(y) + xy to obtain 
f(m + 1) =f(m) +/(1) + m =f(m) + 3 + m 
=^> /(m + 1) -f(m) = 3 + m 
Changing m to ra-1, we get 

f(m) - f(m - 1) = 3 + (m - 1) ... (i) 

/(2) -/(1) = 3 + 1 ...(h) 

m (m +1) 

Adding (i) and (ii), we get f(m + 1) - 3 = 3 + - 

m(m + 1) ^ 

f(m +1) = 3m H---h 3 

x x (m-l)m m 2 -m 

.*. f(m) = 3(m-1)H-+ 3 =3ml- 


[21 +15] = 330 


m + 5m 


m 5 

: -h —m 

2 2 


[Rating: Medium] 


from here calculation is same as in previous solution. 

[Rating: Challenging] 

cotx-cosx 

10. (a) : We have H m 

x^ 71 (n - 2xy 


8. (a) : 9(25a 2 + b 2 ) + 25(c 2 - 3 ac) = \5b(3a + c) 

=> (1 5a) 2 + (3b) 2 + (5c) 2 - (15a)(5c) - (15a)(3b) 

- (3&)(5c) = 0 

v 1 r/i r o/ \2 , /o7 r \2 , (r ir \2i A 


lim 

/*—> o 


(-tan/z) - (-sin/z) 
tan /z (1 — cos h) 


1 sin/z - tan/z 
■ — lim--- 

8 h^0 Pi 



2 7 

(15a - 3b) 2 = 0, (3b - 5c) 2 = 0, (5c - 15a) 2 = 0 

8 /;—>0 

h 

, 3 

r,. 

2 sin — 

2 

=> 

15a = 3 b = 5c 

a b c 7 . _ 

= - lim f 

tan/A 

=> 

— = - = - => h c, a are A.P. 

1 5 3 

8h->o\ 

. h J 

V ft 2 y 


[Rating: Medium] 


8 4 16 


[Rating: Easy] 
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11. (d): Let u- tan 


-l 


6x\[x 
1 — 9x 3 


XG 0, 


1 


: tan 


2-(3x 3/2 ) 
1-(3x 3/2 ) 2 


= 2tan 1 (3 x 3/2 ) 


V 7 y 

This holds as 3x 3/2 E (0, 3/8) 
Differentiating with respect to x, we obtain 

du 1 3 - 9*Jx 

— = 2 - x l =-- 

dx 1 + 9x 3 2 i + 9x 3 


Jx-g(x) = 

g(x) = 


1 + 9x 


1 + 9x 


[Rating: Easy] 


12. (a) : We have, y(x - 2)(x - 3) = x + 6 
It meets they-axis where x = 0, i.e. y(6) -6 y = 1 
The point of intersection is (0,1). 
x + 6 

Now, y = — - 

x - 5x + 6 

Differentiating (i) w.r.t. x, we get 
dy (x 2 - 5x + 6) • 1 - (x + 6) • (2x - 5) 
dx 


...(i) 


Now, — 
dx 


(x 2 -5x + 6) 2 
6 -( 6 )( — 5 ) 


■ 1 


x = 0 36 

Slope of normal = -1 

Then the equation to curve is y - 1 = - l(x - 0) 
i.e. x + y - 1=0. 

[Rating: Easy] 

13. (b) : Let r be the radius of circle and / the length of 

arc of the circle. j 

Now l + 2r = 20 (given) 

Also 1-rQ => 0r + 2r = 20 

20-2r 
6 =- 



XT „ 7ir 2 0 r 2 20-2r . 

Now, A =-=-= r(10 - r) 

27t 2 r 

dA 

We have — = 10 - 2r 
dr 


^ = 0 
dr 


Also, 


d 2 A 
dr 2 


r = 5 


= - 2 < 0 .*. A (r) is maximum at r = 5 


Area = 5(10 -5) = 25 
Alternative solution: 

We have, A = r(10 - r) 

Applying A.M. & G.M. inequality, we get 

r - r + 10-r r - 

yjr( 10 - r) <- i.e., yr( 10 - r) < 5 

.\ r(10-r)<25 

Then the maximum area is 25 and is achieved at 
r = 10 - r i.e. r = 5. 

[Rating: Medium] 


14. (a) : We have I n = J tan" x dx, (n > 1) 
= J tan^ 2 x (sec 2 x - l)dx 
= | tan^ 2 x sec 2 xdx- j tan^ 2 dx 


tan n 1 x 
n -1 


L n — 2 


Then, I„+/„_ 2 = 


(tanx) 


w-1 


n-l 


Now, / 4 + L 


tanx 


And / 4 +J 6 = a tan x 5 + bx 5 + C (Given) 


...(i) 

...(ii) 


On comparing (i) and (ii), we get 


a = -,b = 0, and C is a constant of integeration. 


371 

4 


15. (a) : Let, I = f - 
J 1 


dx 


+ cosx 


371 

4 


p dx pi 

J l + COs(7l-x) J l-cosx 

71 v 7 71 


371 

4 


dx 


[Rating: Easy] 


371 

4 


On adding, we have, 21 = j 


1-cos x 


-dx 


371 

4 


r f 2 j . |37i/4 

/ = I cosec xdx = -cotx|^/4 =2 


[Rating: Medium] 


© 
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16. (c) : The graph of the region is as follows : 



: x + - 


2x 


3/2 


+ 3x- 

0 2 


X 

1 


( 2 

\ 

( 9 

2 2 

9 A 

l 2 

1+- 

+ 

3-2- 

— 3*14- 

l 3, 

1 

l 2 

2 J 


: 5 - + U- 5 -)- 2 -= 5 -. 

3 V 2J 3 2 


dy (y + l)cosx 

17. (d) : We have -^ = - —--- 

dx 2 + sin x 

r dy _ r cosx 

Jy + l~ J: 


- dx 


The equation of altitude from C is y- 2 = — (x + 2) 
i.e., 3x + 8y - 10 = 0 & 

Solving the two we get the orthocentre as ^ 2 , — 

[Rating: Challenging] 

19. (b) : There are two possibilities 



2 J 

12 


[Rating: Challenging] 


For both of them we get different answers. 

For 1 st case: 

x 2 + (y - b) 2 = r 2 as y = x is tangent to circle 
0 -b 


4~2 


r b- r72 

2 


y+ 1 J 2 + sinx 
=> ln(y + 1) = - ln(2 + sinx) + In X 
=^> (y + 1)(2 + sinx) = X 
As y(0) = 1 =^> 2-2 = A, or A, = 4 

. 71 ( 71^1 4 4 1 

At x = —, y — =-1 =-1 = -• 

2 7 \2) 2+1 3 3 

[Rating: Medium] 

18. (c) : As area is given to be 56, we have 
k -3k 1 
5 k 1 = ±56 
-k 2 1 

Expanding, we get 

k(k - 2) - 5 (-3 k - 2) -k(-3k -k) = ±56 
k 2 - 2k + 1 5k + 10 + 3k 2 + k 2 = ± 56 
=^> 5k 2 +13k + 10 = ±56 
Taking the positive sign 5k 2 + 13k - 46 = 0 
=> (5k + 23)(k - 2) = 0 
k = 2 is an integer 
Taking the negative sign 
5k 2 + 13k + 66 = 0 
D = 13 2 - 4-5-66 < 0 
Thus there is no solution in this case. 

So the vertices are A(2, - 6), 5(5, 2) and C(-2, 2). 

The equation of altitude from A is x = 2 and 


9 9 b 

Now x+ (y - by = — 

As x 2 = 4 - y 

2 k 2 

We have, 4 - y + (y - k) = — 

Arranging as a quadratic in y, we have 

2 b 2 

y - (2fr +1) y + — + 4 = 0 

The discriminant being zero yields 


f 1 2 

& , 

— + 4 

V 2 


- 0 


(2fe+ir-4 

V 

=> 4b 2 + 4b + 1 - 2b 2 - 16 = 0 
i.e. 2b 2 + 4b -15 = 0 

_ -4 ± ^16 + 120 _ -4 ± 2a/34 _ -2 + V34 

4 4 ~ 2 

Taking the positive value 

V 34-2 V 34-2 

0 = - r = -y=— 

2 2V2 

For 2 nd case 

Co-ordinates of centre as (0, 4-r), r being radius 
y = x touch the circle 

0 - (4 - r) r 

r => r - 4 = ± rv2 


Which gives r(l + 72 ) = 4 (As r can't be negative) 
= 4(72-1) 


72 +1 


Remark : The problem, as posed, is ambiguous because 
of choices. The best choice is (b). [Rating: Medium] 
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20. (a) : As x =-= - 4 

e 

We have, a = 4e = 4- — = 2 
2 

Again b 2 = a 2 (l-e 2 ) = a 2 ^1 - ^j = = 3 

x 2 v 2 

Thus the equation to ellipse is — + = 1 

Differentiating w.r.t x, we get 

2x + 2 y dy dy _ 3 x 

4 3 dx dx 4 y 

l 2 J dx 4 3 2 

So the slope of normal is 2. The equation is 
3 

y - — = 2(x -1) z.e., 4x - 2y -1 = 0 [Rating : Easy] 

21. (a) : The equation to the hyperbola is 

2 2 

2 t2 

a 

We have, ae = 2 => a 2 e 2 = 4 

Also, fr 2 = a 2 (e 2 - 1) => a 2 + b 2 = a 2 e 2 = 4 

The hyperbola passes through (^2,^3) means 

+-2-=i 

2 Z 2 

a 

2 3 

On solving, we get —-— = 1 

a 2 4 -a 2 

=> 2(4 - a 2 ) - 3a 2 = a 2 (4 - a 2 ) 

=> 8 - 5a 2 = 4a 2 - a 4 = a 4 - 9a 2 + 8 = 0 

=> (a 2 - 1) (a 2 -8) = 0 a 2 = 1 

As a 2 = 8 will give fr 2 negative. a 2 = 1 and fr 2 = 3 

2 2 
X V 

So, equation of the hyperbola is-- \ 

1 3 

. r ^. *V2 yV3 „ 

The equation ot tangent at P is —-— = 1 

The point (2^2,3V3) lies on it. 

[Rating: Challenging] 

22. (a) : The normal vector to the plane is given by 

AAA 

i j k 

1 -2 3 

2 -1 -1 

The plane is given by 5(x - 1) + 7(y +1) + 3 (z + 1) = 0 
i.e.y 5x + 7y + 3z + 5 = 0 


The distance of (1, 3, -7) from the above plane is 


AAA 

— Si 4-7 j4-3k 


5 + 21-21 + 5 


V5 2 +7 2 +3 2 


10 

n/83 


[Rating: Easy] 


23. (a) : The line PQ is given by 
x-1 y + 2 z-3 

1 ~ 4 ~ 5 

Let a point M on PQ be (t +1,4f - 2, 5t + 3). 

For this point to lie in the plane 2x + 3y - 4z + 22 = 0 
we have, 

2 (t + 1) + 3(4f - 2) - 4(5f + 3) + 22 = 0 
=> -6t + 6 = 0 => f = 1 

Then the point M is (2, 2, 8) 

••• PQ = 2 PM = 2-^i 2 + 4 2 + 5 2 = 2 n/42 

[Rating: Medium] 


, v _ A A A 

24. (a) : a =2i + j-2k 


Now, dxb- 


AAA 

z j A: 

2 1 -2 

1 1 0 


We also have, 


=> | a | = 3 and b = i + j 
2i —2j4-k •*. |ax| = 3 

1 


|(axfr)xc| = |axfr ||c ||sin30°||n| = 31 c | • —n 

=> 3 = 31 c I — •*. I c I = 2 
2 

Since, | c - a \ = 3 ...(i) 

On squaring (i), we get c 2 + a 2 - 2c • a = 9 

=> 4 + 9 — 2a-c =9 => a-c= 2 

[Rating: Challenging] 

25. (d) : We know that variance = npq 

15 3 

p (probability of drawing a green ball) = ^ = ~^ 

3 2 

Here, n = 10, p = —,q = — 

5 5 

3 2 12 

Then, variance = 10-= — 

^ ^ ^ [Rating: Easy] 

26. (a) : Given P(exactly one of A or B occurs) = — 

1 4 

Then, P(A) + P(B) - 2 P(A n B) = - 

4 

Similarly, P(B) + P(C) - 2P(B nC) = | 

1 

Also, P(C) + P(A) - 2P(C n A) = - 
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Adding all of them, we have 

P(A) + P(B) + P(C) - P(A n B) - P(B n C) - 

P(C n A) = - 
8 

Now, P(A(jBuC) = P(A) + P(B) + P(Q - P(A n B) 

- P(B n C) - P(C nA) + P(AnBnC) 
3 17 

= —I-= — [Rating: Challenging] 

8 16 16 


27. (d) : We have, 4/a - and 4/a + b 
So the possibilities are 


a 

0 

2 

4 

6 

8 

10 

b 

4,8 

6, 10 

0,8 

2, 10 

0,4 

2,6 



Let ZAPC = a, we have 


tan(a + (3) = 


AB 

AP 


Now, tan a = — 
4m 


1 . 

2 

_ j. 
" 4 


Required probability = 


6 


6-2 6 


n C 2 11*10 55 

[Rating: Easy] 


28. (c) : 5(tan 2 * - cos 2 *) = 2cos 2x + 9 


Let u = tan 2 *, we have 5 


1 


1 + u 


'1 -U^ 


1 + u 


+ 9 


5(a 2 + a-l) = 2-2a + 9 + 9a 


5u 2 - 2u - 16 = 0 => (5a + 8) (a - 2) = 0 

But a is positive a = 2 


Now, tan * = 2 


cos2* = 


1-tan * 1-2 -1 


cos 4* = 2cos 2*-1 = 2 - I -1 = — 


1 + tan 2 * 1 + 2 3 


[Rating: Challenging] 


Now, tan(3 = tan (a + (3 - a) 

l_ 1 1 

tan(a + (3)-tana 2 4 4 2 

1 +tan(a + (3)tana i + ^ 9 

2 4 8 

[Rating: Easy] 

30. (d): We have 

ip —> q) —> [(~p—»<?) —» q] simplifying as 

ip <?) (ip v <?) -> q) 

ip “+ <j)((~p a ~q) v q) 

ip -> q) -> ((~ P v q) a (~ v <j)) 

ip q) ip <z) 

which is a tautology. [Rating : Medium] 

.<$><$> 
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Units 

VSA(1 mark) 

SA(2 marks) 

VBQ(4 marks) 

LA 1(4 marks) 

LA 11(6 marks) 

Total 

Relations and Functions 

— 

— 

— 

— 

6(1) 

6(1) 

Inverse Trigonometric Functions 

— 

— 

— 

4(1) 

— 

4(1) 

Matrices 

— 

2(1) 

— 

— 

— 

2(1) 

Determinants 

KD 

— 

— 

4(1) * 

6(1) 

11(3) 

Continuity and Differentiability 

KD 

2(1) 

— 

4(1) 

— 

7(3) 

Application of Derivatives 

— 

4(2) 

— 

— 

6(1) 

10(3) 

Integrals 

KD 

2(1) 

— 

8(2) 

— 

11(4) 

Application of Integrals 

— 

— 

— 

— 

6(1) 

6(1) 

Differential Equations 

— 

— 

— 

4(1) 

6(1) 

10(2) 

Vector Algebra 

— 

2(1) 

— 

8(2) 

— 

10(3) 

Three Dimensional Geometry 

KD 

— 

— 

— 

6(1) 

7(2) 

Linear Programming 

— 

2(1) 

— 

4(1) 

— 

6(2) 

Probability 

— 

2(1) 

4(1) 

4(1) 

— 

10(3) 

Total 

4(4) 

16(8) 

4(1) 

40(10) 

36(6) 

100(29) 


* It is choice based. 


Time Allowed : 3 hours 

J GENERAL INSTRUCTIONS 

(i) All questions are compulsory. 

(ii) Please check that this question paper contains 29 questions. 

(iii) Questions 1-4 in Section-A are very short-answer type questions carrying 1 mark each. 

(iv) Questions 5-12 in Section-B are short-answer type questions carrying 2 marks each. 

(v) Questions 13-23 in Section-C are long-answer I type questions carrying 4 marks each. 

(vi) Questions 24-29 in Section-D are long-answer II type questions carrying 6 marks each. 

(vii) Please write down the serial number of the question before attempting it. 


Maximum Marks: 100 
-^ 


r 


SECTION-A 


1. If A is a 3 x 3 invertible matrix, then what will be 
the value of k if det(A _1 ) = (det A)\ 

2. Determine the value of the constant c fc’ so that the 
kx , r 

t—t, if X<0 

function/(x) =Ux\ is continuous at x = 0. 

3 , if x > 0 


3 

3. Evaluate : j*3 X dx- 

2 

4. If a line makes angles 90° and 60° respectively with 
the positive directions of x and y axes, find the 
angle which it makes with the positive direction of 
z-axis. 
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9. 


SECTION-B 


5. Show that all the diagonal elements of a skew 
symmetric matrix are zero. 

dy u 2 

6. Find — at x = 1, y = — if sin y + cos xy = K. 

dx 4 

7. The volume of a sphere is increasing at the rate 
of 3 cubic centimeter per second. Find the rate of 
increase of its surface area, when the radius is 2 cm. 

8. Show that the function f(x) = 4x 3 - 18x 2 + 21 x - 7 is 
always increasing on R. 

Find the vector equation of the line passing 

through the point A(l, 2, -1) and parallel to the line 
5x - 25 = 14 - 7y = 3 5z. 

10. Prove that if E and F are independent events, then 
the events E' and F' are also independent. 

11. A small firm manufactures necklaces and bracelets. 
The total number of necklaces and bracelets that 
it can handle per day is at most 24. It takes one 
hour to make a bracelet and half an hour to make a 
necklace. The maximum number of hours available 
per day is 16. If the profit on a necklace is ? 100 and 
that on a bracelet is ? 300. Formulate an L.P.P for 
finding how many of each should be produced daily 
to maximize the profit ? It is being given that at least 
one of each must be produced. 

Find/- dX 


OR 


12 


x + 4x + 8 


SECTION-C 


13. Prove that tans 


In 1 _i a] 
i \ —l—cos —} 

[4 2 b\ 

In 1 -\a\ 2b 

+tan \ -cos — > =—. 

14 2 b\ a 

14. Using properties of determinants, prove that 


X 

x + y 

x + 2 y 


x + 2y 

X 

x + y 

= 9y 2 (x + y). 

x + y 

x + 2y 

X 




OR 


2 -i] 

fi 

5 2^1 (l 5\ 


Let A = 


3 4 


,5: 


v 7 4 / 


> C - 


v 3 8 y 


, find a 


V J 

matrix D such that CD - AB = O. 

15. Differentiate the function (sin x) x + sin -1 Vx with 
respect to x. 


d 2 y 


If x m y n = (x+y) m + n , prove that -^- = 0. 


dx L 


16. Find J 


2x 


(x 2 + l)(x 2 +2) 2 


71 


dx 


17. Evaluate : J XSm f dx 


0 

3/2 


1 + COS X 


OR 

Evaluate : J | x sin 7ix | dx 


0 

18. Prove that x 2 - y 2 = C(x 2 + y 2 ) 2 is the general 
solution of the differential equation 

(x 3 - 3 xy 2 )dx = (y 3 - 3x 2 y) dy, where C is a parameter. 

19. Let a = i + j + k, b = i and c = c x i + c 2 j + c 3 k, then 

(a) Let c 1 = 1 and c 2 = 2, find c 3 which makes 
a, b and c coplanar. 

(b) If c 2 = -1 and c 3 = 1, show that no value of c 1 
can make a, b and c coplanar. 

20. If a, b, c are mutually perpendicular vectors of 
equal magnitudes, show that the vector a + b + c is 
equally inclined to a, b and c . Also, find the angle 
which a + b + c makes with a or b or c. 

21. The random variable X can take only the values 
0, 1, 2, 3. Given that P(X = 0) = P(X = 1) = p and 
P(X = 2) = P(X = 3) such that Zppc 2 = 2Sp / x / , find 
the value of p. 

22. Often it is taken that a truthful person commands, 
more respect in the society. A man is known to 
speak the truth 4 out of 5 times. He throws a die 
and reports that it is a six. Find the probability that 
it is actually a six. 

Do you also agree that the value of truthfulness 
leads to more respect in the society? 

23. Solve the following L.P.P. graphically: 

Minimise Z = 5x + lOy 

Subject to constraints x + 2y < 120, x + y > 60, 
x - 2y > 0 and x, y > 0 


SECTION 


24. Use product 


1 -1 2 
0 2-3 

3-2 4 


-2 0 1 
9 2-3 

6 1 -2 


to solve the 


system of equations x + 3z = 9, -x + 2y - 2z = 4, 
2x - 3y + 4z = -3 
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25. Consider/: R + —» [-5, °°) given by /(x) = 9x 2 + 6 x - 5 


Show that/is invertible with / 
Hence find 

« r 1 do) 


-i 


oo= 


= 9x 2 + 6 x - 5. 


2 . We have,/(x) = < 

^ 3 y 



(ii) yiif-\y) = - 

where R + is the set of all non-negative real numbers. 

OR 

Discuss the commutativity and associativity of 
binary operation c *’ defined on A = Q - { 1 } by the 
rule a * b = a - b + ab for all a, b e A. Also find 
the identity element of * in A and hence find the 
invertible elements of A. 

26. If the sum of lengths of the hypotenuse and a side of 
a right angled triangle is given, show that the area of 
the triangle is maximum, when the angle between 

them is —. 

3 

27. Using integration, find the area of region bounded 
by the triangle whose vertices are (-2, 1), (0, 4) and 
(2, 3). 

OR 

Find the area bounded by the circle x 2 + y 2 = 16 
and the line \[3y = x in the first quadrant, using 
integration. 

dy 


28. Solve the differential equation x — + y 

dx 

= x cos x + sin x, given that y = 1 when x - 


71 
2 ' 


29. Find the equation of the plane through the 
line of intersection of f *(2z -3j + 4fc) = 1 and 
r-(i-j) +4 = 0 and perpendicular to the plane 
r • (2i - j + k) + 8 = 0. Hence find whether the plane 
thus obtained contains the line x - 1 = 2y- 4 = 3z - 12. 
OR 

Find the vector and cartesian equations of a line 
passing through (1, 2, -4) and perpendicular 
x- 8 _y + 19_z-10 


to the 
x —15 


two lines 
y-29 _z-5 


-16 


8 


-5 


SOLUTIONS 


1 . Given that, det(A *) = (det A) k 
i.e., \A~ l \ = \A\ k 

We know that \A~ l \ = —= |A | _1 
.*. k = -1 |A| 


kx 

77 , x <0 
|x| 

3 , x > 0 

L.H.L. = lim /(x) = lim — = - 

x—>0~ x— >0 —X 

R.H.L. = lim f(x) = lim 3 = 3 

x ^0 + x->0 

Since,/(x) is continuous at x = 0. 

L.H.L. = R.H.L. =/( 0) 

=> -k = 3 => k = -3 

3 r n3 

3. We have, 1 3 X dx = 


3 X 


log 3 


3 S -3 2 


18 


log 3 log 3 

4. Let the line makes an angle a, (3, y with the positive 
direction of x, y, z axes respectively. 

.\ a = 90°, |3 = 60° 

Now, cos 2 a + cos 2 p + cos 2 y = 1 

=> cos 2 90° + cos 2 60° + cos 2 y = 1 

2 ~ 1 3 

cos Y =1-0-= - 

4 4 

ft 

=> cos Y = —— => Y = 30° 

2 

5. Let A = [a { j\ be a skew symmetric matrix 
Then, a t j = - V i,j 

=> a u = - V i 
=> 2dn = 0 => = 0 V i 

a n = a 22 = a 33 = •• 


d nn 0 


6 . We have, sin 2 y + cos xy = K 
Differentiating w.r.t. x, we get 

2 siny cosy ^ + (-sin xy)| x — + y 
dx 7 \ dx 7 


ysinxy 


dy _ 

dx sin 2 y - x sin xy 


dy 

dx. 


n . 7i 

— sin — 
4 4 


71 


sin —-sin— 4(,/2- 1 ) 
2 4 


7. Let r, S and V respectively be the radius, surface 
area and volume of sphere at any time t. 

^ dv o 3, 

Then, -= 3 cm / sec 

dt 
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■v t 4 3 dV A 2 dr 

Now, V = - nr =^> — = 4nr — 
3 dt dt 

dr 3 


13. We have, L.H.S. : 


dt 4 Ur 2 

4 , ? dS n dr 

Also, 5 = 471 r => — = 87ir — 
dt dt 

dS 6 6 2 

=> — = - = - = 3 cm /sec 

dt r 2 

8 . We have,/(x) = 4x 3 - 18x 2 + 21 x - 7 
=> f'(x) = I2x 2 - 36x + 27 

= 121 x 2 - 3x + — - — 1 + 27 


4 4, 

= 12|x--f) -27 + 27 = 12^x--f) >0\/xeR 

Hence,/(x) is always increasing on R. 

9. Vector equation of the line passing through 
( 1 , 2 , - 1 ) and parallel to the line 

5* - 25 = 14 - ly = 35z 

x-5 y-2 z x-5 y-2 z 

i.e., -= + -=-or-= --= - 

1/5 -1/7 1/35 7 -5 1 

is r = (i + 2 j -k) + X(7i - 5j + k) 

10. Since, E and F are independent events. 

P(E nF) = P(E) P(F) ...(i) 

Now, P(E' nF') = 1 - P(E u F) 

[v P(E' nF) = P((EvF)')] 
= 1 - [P(E) + P(F) - P(E n i 7 )] 

= 1 - P(E) - P(F) + P(E) P(F) [Using (i)] 
- (1 - P(E)) (1 - P(F)) 

= P(E') P(F') 

Hence, E' and F' are independent events. 

11 . Let x necklaces and y bracelets be manufactured per 
day to maximize the profit. 

Maximize Z = lOOx + 300y 
Subject to the constraints : x + y < 24, 

r 


(l)x + |^-Jy < 16 =^2x + y<32 
and x>l,y>l=>x-l >0 and y - 1 > 0 
12. We have 


In 1 

tans —+ —cos 

U 2 


l A 
b\ 


_i a a 

Let cos — = 0 => — = cos 0 


(n 0 


L.H.S. = tan — + — + tan- 


{ 71 1 -i a 

-cos — 

4 2 b 


(n 0 


V4 2 


, 6 , 6 

1 + tan— 1 -tan — 


V 4 2 


, 6 , 6 

1 -tan— 1 + tan — 

2 2 


2 0 2 9 

1 + tan — +1 + tan — 



2 


2 -2 


, 20 

1 - tarn — 

2 



2 

2 

2 

L 0 ^ 

cosl 2 - — 

| COS0 

alb 

Hence proved. 




X 

x + y 

x + 2 y 

L.H.S. = 

x + 2 y 

X 

x + y 


x + y 

x + 2 y 

X 


2 0^ 

1 + tan — 
_2 

, 20 
1 - tarn — 


2b 


2 ) 

:R.H.S. 


Applying C x —» Q + C 2 + C 3 , we get 


3x + 3y 

x + y 

x + 2 y 

3x + 3y 

X 

x + y 

3x + 3y 

x + 2 y 

X 


Taking 3(x + y) common from C 1? we get 

1 x + y x + 2 y 
3(x + y) 1 x x + y 

1 x + 2 y x 

Applying R 2 —» R 2 _ ^i> ^3 ~> #3 - # 2 > we g et 

1 x + y x + 2 y 
3(x + y)0 -y -y 

0 2 y -y 

Taking y common from R 2 and R 3 both, we get 


3 

ii 

-8 


1 

x + y 

x + 2 y 

J x 2 + 4x + 8 J x 2 + 4x + 4 + 4 

3 (x + y)*y *y 

0 

-1 

-1 

f dx 1 _+x + 2 ^ 

, , = tan 1 +c 

= 3y 2 (x + y) • 

0 

2 

-1 

(x + 2 ) 2 +(2 ) 2 2 V 2 J 

1 ( 1 + 2 ) = 

9y 2 (x 
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OR 


We have, A = 


2 -1 
3 4 


, B -- 


5 2 
7 4 


, C = 


2 5 

3 8 


Let, D : 


a b 

c d 

Now, CD - AB = O 


2 5 

a 


2 

-1 

5 

2 


0 

0 


3 8 

c d 


3 

4 

7 

4 


0 

0 


2a + 5c 2fr + 5d 


" 10 - 

7 

4- 

4 


"o 

o" 

3a + 8 c 3b + 8 d 


15 + 28 

6 + 16 


0 

0 


2a + 5c - 3 2b + 5d 0 0 

3# + 8 c — 43 3fr + 8 d — 22 0 0 

On comparing the corresponding elements of the 
matrices, we get 

2a + 5c - 3 = 0 ...(i) and 3a + 8 c - 43 = 0 ...(ii) 

Also, 2b + 5d = 0 ...(iii) and 3b + 8 d - 22 = 0 ...(iv) 

Solving (i) and (ii), we get a = -191, c -11 
Solving (iii) and (iv), we get b - -110, d = 44 

-191 -110" 


D = 


77 


44 


15. Let y = (sin x) x + sin 1 Vx 
=> y = u + v 

[where u = (sin x) x and v = sin -1 Vx ] 


dy da dv 
=^> — = — +— 
dx dx dx 

Now, a = (sin x)* 

Taking logarithm on both sides, we get 
log u-x log sin x 

1 da l , . , 

=>-= v-(cosx) + log smx 

u dx sinx 

=> — = (sin x)* (x cot x + log sin x) 

dx 


...(i) 


v = sin 

f 


1 Vx 


dv 

dx 


1 


1 


v Vl-xJ 2Vx 

From (i), (ii) and (iii), we get 

dy _ xx , „ , i • 


...(h) 


...(hi) 


OR 

We have, x m / = (x+ 7 ) m + n 
Differentiating w.r.t. x, we get 

mx ™’ 1 v n + nx m v ” -1 — 
dx 




= (m + a)(x + y) 


m+n-l 


it* 

dx 


x m y n 


m + n dy^ (m + n)(x +y) m+n (+dy 
x y dx J x + y V dx 


n m + n 


K y x + y 


dy _ m + n m 
dx x + y x 


[Using (i)] 


^ ax + ay - my - ay ^ 

dy 

^ mx + ax - mx - my N 

y(x + y) J 

dx 

. x(x + _y) , 


dy _y( nx-my'' 


dx x 


nx-my 


l 

x 


.(ii) 


Again differentiating w.r.t. x, we get 

■ = 0 [Using (ii)] 


dy 

j 2 x —-y 
d y _ dx 

2 


x| ^ I -y 


dx“ x 
Hence proved. 


16. Let J = | 


2 x 


(x 2 +l)(x 2 + 2) 2 


-dx 


Put x 2 = y => 2x dx = dy 


••• w 

Let 


dy 


(;/+ l)(.y+ 2) 

1 A 


B C 
+-+ - 


(y+ l)(y + 2) 2 y + 1 7 + 2 (y + 2 ) 2 

=> 1 = A(y + 2) 2 + B(y + 1 )(y + 2 ) + C(y + 1) 

For y = - 1 , 1 = A 

For y = - 2 , 1 = -C => C = -1 

1-4 + 1 

Fory = 0, 1=4A + 2B + C=>£ = -= -1 


••• h 


y +1 y +2 (y+ 2) 2 


dy 


= log(y + 1 ) - log(y + 2 ) + -- + c 


= log 


7 +2 . 


y + 2 


1 


1 1 


( 2 'N 

x 2 +l 

Wl-x J 

- log 

v x 2 + 2 J 


y+ 2 

1 


- + c 


+ - 


x 2 +2 


- + c 


[v y = x 2 
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17. Let /: 


n / . ^ 

x sin x 


1 + cos x) 


dx 




H 


(n - x) sin(7i - x) 
2 

1 + cos (n -x) 


dx 


=> 1 = 


n c f (7i-x)sinx 


*.* J /(x)dx = J /(a - x)dx 
o o 

dx ...(ii) 


1 + cos x 
Adding (i) and (ii), we get 


2I =S 


n sin x 


dx 


1 + cos x 


Put, cos x = t => -sin xdx- dt 


ndt c ndt 


■■■ 


I 1 + f 1 + f 


_ 1 _ r Tidt r _i ,i 

7 = --2 -- = 7t[tan t] 0 

2 o l + t 


(n tC 


= nr°J =- 4 


OR 


3/2 


Let 7= | |x sin7ix|dx 
0 

1 3 

= J x sin nx dx - J x sin nx dx 


3/2 


-x cos nx 


i 1 i 

rcosnx 7 
+ - dx 


n J 0 Q n 


x cos nx 


- — 0 + 
n 


sin nx 


~ n Jo 


n 


+ 0 - 


3/2 3/2 

. J 


18. We have, (x 3 - 3xy 2 )dx = (y 3 - 3 x 2 y)dy 

3 2 

dy x -3xy 

dx y 3 -3x 2 y 

^ dy dv 

Put, y = vx => — = v + x — 
dx dx 

(i) becomes 

dv 1 - 3v 2 

v + x — = —- 

dx v 3 - 3v 

dv 1 - 3v 2 - v 4 + 3v 2 




dx 

v(y 2 - 3)dv _ dx 
1-v 4 * 


v 3 -3v 


1-v* 

v(v 2 -3) 



=> f 1 

r dx 

...(ii) 


J (l-v 2 )(l + v 2 ) J 




v 3 - 3v 

Av + B Cv + D 


1 

Now, let 

- 9 + 9 

...(iii) 


(l-v 2 )(l + v 2 ) 

1-v 2 1 + v 2 



v 3 — 3v — (Av + B)(l + v ) + (Cv + D)(l — v ) 
Comparing coeff. of like powers, we get 
A - C = 1, A + C = -3, B - D = 0 and B + D = 0 
Solving these equations, we get A = -1, B = 0, 
C = -2, D = 0 

From (ii) and (iii), we have 

r -v r r 2v 7 r dx 

J 1-v 2 J 1 + v 2 J x 

=> - log(l - v 2 ) - log(l + v 2 ) = log x + log C x 




1 + V 


T = c i* 


.WZZZ). 
2 2 
x +y 


= C : X 


2 2 ^ 2 / 2 , 2\2 
x - y - C x (x +y ) 


(where C 2 = C) 


COS7TX 


dx 


n 


(-D 


71 


sin 7ix 


3/2 


7l 2 Ji 


2 „ (- 1 ) „ 2 1 
= — 1-0 — -—- + 0 = — +— 
n n 2 n n 2 


i.e ., x 2 -y 2 - C(x 2 + y 2 ) 2 
which is the required solution. 

19. We have, a = i + j + k, b=i , c = q/+ c 2 j + c 3 k 
(a) q = 1, c 2 = 2 .*. c = / + 2j + c 3 k 
Given that 3, and c are coplanar 
1 1 1 
1 0 0 =0 
1 2 c 3 

=> -l(c 3 ) + 1(2) = 0 => c 3 = 2 
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(b) c 2 = -1, c 3 = 1, c=c 1 i-j + k 
Let 2, and c are coplanar 


1 

1 

G 


1 

0 

-1 


1 

0 

1 


= 0 


=> -1(1) + 1(—1) = 0 => -2 = 0 , which is false. 

So, no value of c 1 can make a, b and c coplanar. 
20. | a | = | b | = | c | (Given) ...(i) 

and a-b=0,b-c=0,c-d = 0 ...(ii) 

Let (a + b + c)be inclined to vectors a ,b ,c by 
angles a, (3 and y respectively. Then 


cosa = 


{a + b + c)-a 
|a + fr + c || a | 

10 | +0 + 0 
|a + k + c || a | 

I ^ I 

\ a + k + c \ 


Similarly, cos(3 = j——; 

\d + b + c\ 


d-d + b-d + c-a 
\d + b + c I a I 


and cosy - 


[Using(ii)] 

—(iii) 
...Civ) 


a +b +c| 

From (i), (iii), (iv) and (v), we get 

=> cos a = cos (3 = cos y => a = (3 = y 

Hence, the vector 2 + b + c is equally inclined to 

the vector a, b and c. 

Also the angle between them is given as 

/ i-i \ r -r, \ 


a = cos 


y = cos 


-l 


| u + b + c | j 
\a + b + c\ 


, (3 = cos 1 


Ibl 


I a + b + c 


21. We have, P(X =0) = P(X=l)=p 
Let P(X = 2) = P(X = 3) = k 

Since, X is a random variable taking values 0, 1, 2, 3 
.*. P(X = 0) + P(X = 1) + P(X = 2) + P(X = 3) = 1 

p+p + /c + /c = 1 2p + 2k = 1 = ^p + /c — — ...(i) 
Now, = 2Zppq 


=> P(0) + p(l) + k(4) + k(9) = 2[p(0) + p(l) + k(2) 

+ fc(3)] 


=> p + 13k = 2p + 10k 


p - 3k = 0 ...(h) 

Subtracting (ii) from (i), we get 

4k = — => k = — 

2 8 

1 1 3 

From (l), we get p = - - - = - 

22. Let iq be the event that c 6’ occurs, £ 2 be the event 
that c 6’ does not occur and A be the event that the 
man reports that it is ‘6’. 

P(£j) = - P(E 2 ) = \ 

6 6 

Now, P(A/£ 1 ) be the probability that the man reports 
that there is c 6’ on the die and c 6’ actually occurs 

4 

= Probability that the man speaks the truth = — 

And P(A/E 2 ) be the probability that the man reports 
that there is c 6’ when actually c 6’ does not occurs 
= Probability that man does not speaks the truth 
- 4 - 1 

5 _ 5 

Required probability = P(fqM) 

P(£ 1 )-P(A/P 1 ) 

P^) • P(A / fq) + P(P 2 ) • P(A / P 2 ) 

1 4 

6 X 5 4 = 4 

"ixl4xi-" 4 + 5 " 9 
6 5 6 5 

Yes, we are agree that the value of truthfulness leads 
to more respect in the society. 

23. We have, Minimise Z = 5x + lOy 
subject to constraints : 

x + 2y< 120 
x+y> 60 
x - 2y > 0 
and x,y> 0 

To solve L.P.P graphically, we convert inequations 
into equations. 

l x : v + 2y = 120, Z 2 : v + y = 60, / 3 : v - 2y = 0 
and x = 0, y = 0 

l x and Z 2 intersect at £(0, 60), l x and Z 3 intersect at 
C(60, 30), l 2 and l 3 intersect at D(40, 20). 

The shaded region ABCD is the feasible region and 
is bounded. The corner points of the feasible region 
are A(60, 0), 5(120, 0), C(60, 30) and D(40, 20). 
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y a 

140- 

120 - 

100 - 



Corner points 

Value of Z = 5x + lOy 

A(60, 0) 

300 (Minimum) 

5(120, 0) 

600 

C(60, 30) 

600 

D(40, 20) 

400 


Hence, Z is minimum at A(60, 0) i.e., 300. 





"l 

-1 

2 " 

~-2 

0 

1 " 

We have, 

0 

2 

-3 

9 

2 

-3 




3 

-2 

4 

6 

1 

-2 



"l 

0 

0" 






= 

0 

1 

0 

= 1 






0 

0 

1 






"l 


-1 

2 " 

yi 

~-2 

0 

1 ~ 

=> 

0 

2 

-3 

= 

9 

2 

-3 


3 


-2 

4 


6 

1 

-2 



~ 1 

0 

3 " 

-1 

-2 

9 

6 " 

or 

-1 

2 

-2 

= 

0 

2 

1 


2 

-3 

4 


1 

-3 

-2 


Now the given system of equations is 
x + 3z= 9 


-x + 2y - 2z = 4 
2x - 3y + 4z = -3 

The system of equations can be written as 
AX = B 



1 0 3 


X 


~ 9 

where, A = 

-1 2 -2 

2-3 4 

,x = 

Z 

z 

,B = 

4 

-3 


Since, A 1 exists, so system of equations has a 


unique solution, given by 
X = A~ 1 B 


X 


1 

1 

to 

On 

_1 

c 

) 

7 

= 

0 2 1 

4 


z 


1 -3 -2 

- 

3 



"—18 + 36 — 18" 


"0 


= 

co 

1 

00 

= 

5 



9-12 + 6 


3 


=> x = 0, y = 5, z = 3 
25. We have/: R + —> [-5, «>) is given by 
/(x) = 9x 2 + 6x - 5 
Let x 1? x 2 G £ + such that/yq) =f(x 2 ) 

=> 9x 2 + 6x 1 - 5 = 9x| + 6x 2 - 5 

=> 9(x 2 — x 2 ) + 6(x 1 — x 2 ) = 0 
=> (*i - * 2 ) (9(*i + x 2 ) + 6) = 0 


6 

=> XpX 2 or x 1 +x 2 = — 


Let 


=> 


=> 


(which is not possible as x 1? x 2 e R + ) 
/is one - one. 
y = f(x) V j/G[-5, 00 ) 

9x 2 + 6x - 5 -y => (3x + l) 2 -1 - 5 =y 


3x +1 = s]y + 6 


^y+6 -1 

x = -- 

3 


Now, x is defined and xe £ + ify + 6 > 1 => y > -5 
=> /is onto 

/is one-one and onto. 

=> /is invertible and/ -1 exists. 


r\y) = 


V JK + 6 — 1 

3 


(i) y-w . ^- 1 

3 3 

(ii) /'+)A = * 


••• y = f(x) = f 


= 16 + 8- 




2 

rq 


=9 - 

+ 6 


UJ 

UJ 


v3y 


5 = 19 

OR 


-5 


We have, a*b = a-b + ab V a,beA , 


where A = Q - {1} 

Commutativity: Let a, b E Q - {1} 

We have, a*b = a- b + ab^b-a + ab = b*a 
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Hence, * is not commutative. 

Associativity: Let a b,c,e Q - {1} 

We have, a * (b * c) = a * (b - c + be) 

= a - (b - c + be) + (ab - ae + abe) 

= a- b + e-be + ab-ae + abe 
And (a * b) * c = (a - b + ab) * c 
= a- b-\-ab-c-\-ac-bc-\- abe 
a * (b * c) ^ (a * b) * c 
Hence, * is not associative 
Identity: Let e be the identity element in A. 

a * e = a = e * a 
=> a-e-\-ae = e- a-\-ea 
y a e — e a y e — a 

which is not possible, because identity should be 
unique element. 

Hence, inverse of the element does not exist. 


26. Let ABC be a right angled triangle with BC = x, 
AC = y such that x + y = k, where k is any constant. 
Let 0 be the angle between the base and the 
hypotenuse. 

Let P be the area of the triangle. 



4 


Let Q = P 2 i.e. 


Q = 


k 2 x 2 - 2kx 3 
4 


P is maximum when Q is maximum. 
Differentiating Q w.r.t. x, we get 

dQ _ 2k 2 x - 6kx 2 
dx 4 

For maximum or minimum area, 

—— = 0 => k 2 x — 3kx 2 =0 => x — — 
dx 3 

Differentiating (i) w.r.t. x, we get 
d 2 Q _ 2k 2 -12 kx 
dx 2 4 





Thus, Q is maximum when x = — 

k ^ 

=^> P is maximum at x = — 

3 

XT fc J k 2k r 7 

Now, x = — => y = k — = — I v x + y - k\ 

3 3 3 

x k/3 1 71 

.-. cos 0 — — —-= - => 0 = — 

y 2k/3 2 3 

So, the area of A ABC is maximum when angle 

71 

between the hypotenuse and base is —. 

27. Let A(-2, 1), B( 0, 4) and C(2, 3) 


Eq. of AB is y — 4 = 


4-1 1 3 

- I(x-0) => y = -x + 4 

2 2 


Eq. of BC is y - 3 = j (* _ 2)=>y = -^x + 4 
( 3 — i A x 

Eq. of AC is y -1 = I -—- l(x + 2)^y = — + 2 



Area of required region, = Area of trap. ALOB 

+ Area of trap. BONC - Area of trap. ALNC 


f (r* + 4W + f P2x+4Hx-f Z+2 


-2 


3 2 

— x +4x 

o 

+ 

r -* 2 , " 

-+ 4x 

2 

A 2 o 1 

— + 2x 

4 

-2 

4 

0 

4 


= (-3 + 8) + (-1 + 8) - (5 + 3) = 4 sq. units 

OR 

We have curves, y = —j=x 
andx 2 +y 2 =16 

Curves (i) and (ii) intersect at (2^3, 2) and 

(—2 Vi, -2). 

Required area = Area of region OBAO 
= area A OBC + area of region BCAB 


...(h) 
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2^3 4 - 

= | 4=dx + | \ll6-x 2 dx 


o ^ iS 



2 V 3 


= 275 + 8 ^- 275 -^ 

U ) 3 

1271-871 471 

=-= — sq.units 

3 3 

dy 

28. We have, x — + y = xcosx + sinx 
dx 

dy y sin* 

=> — + — = cosx-\ - 

dx x x 

It is a linear differential equation. 

J— dx 


I.F. = e 


-■e l °Z x = x 


r f sinx 

y • x = J x cosx +- |dx + c 


= J [x cos x + sin x]dx + c 
= xsinx-Jsinxdx +Jsinxdx 


+ c 


= x sinx + c 


=^> y- sin x + — 

71 

Given that, y-i when x = — 

2 

1 = 1 + — => C = 0 

nil 


y = sinx is the required solution. 

29. The equation of any plane through the line of 
intersection of the given planes is 

[f • (2 i-3j+4k) -1] + X[r • (i- j) + 4] = 0 

=> r • [(2 + X) f+ (-3 - A,) j+ 4 fc] = 1 - 4A, •••(i) 


If plane (i) is perpendicular to f • (2 i- j+ k) + 8 = 0, 

then [(2 + A,) i+ (-3 - X) j+ 4k\-[2i- j+ k] = 0 
=> (2 + A,)2 + (-3 - A,)(-l) + 4(1) = 0 

=> 4 + 2 A. + 3 + A* + 4 = 0 

=> 3A + 11 = 0 => A, =- 

3 

Putting X =-in (i), we obtain the equation of 

3 

required plane i.e.. 


„ 11V 

2 -| z + 

3 


r 


11 V. 


^-3 + y |i+4fc 


= 1 + - 


44 


r • 


A S A 9 A 

- — /+—/+ 4 A: 

3 3 j 


47 

3 


=> r • (-5 i+ 2 j+ 12 k) = 47 
Now given line is x - 1 = 2y - 4 = 3z - 12 
x-1 y — 2 z-4 


i.e.. 


or 


1 1 1 

2 3 

x — 1 y — 2 z-4 


6 3 2 

Now, the line passes through the point (1, 2, 4) 
satisfies the equation of plane. So, the plane contains 
the line. 

OR 

Let the equation of line passing through ( 1 , 2, -4) 

and perpendicular to the lines 

x -8 y + 19 z-10 - x-15 y-29 z-5 

- ~ and-- - 


be 


3 -16 7 

x — 1 y-2 z + 4 


8 


l m n 
1(3) + m(-16) + n(7) = 0 and 
1(3) + m( 8 ) + n(-5) = 0 

1 m n 

80-56 ~ 21 + 15 ~ 24 + 48 

l m n l m n 

24 ~ 36 _ 72 2 ~ 3 ” 6 

The equation of the required line is 
x — 1 y-2 z + 4 

2 ~~ 3 ” 6 

and its vector equation is 

AAA AAA 

r = (/ + 2 j— 4k) + k(l / + 3 j+ 6 k) 


-5 


<$><$> 
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CLASS XI 


Series 1 


ACE 


YQURWAY 


Sets 



Important Formulae 


► Representation of Sets 

> In Roster Method or Listing Method or Tabular 
Method: We list all the elements of the set in a row 
by putting {} braces and separating them by commas. 

> In Set Builder Method : A set is represented by a 
characterizing property q(x) of its elements x. 

► A set whose elements can be counted is called a finite set 
and the set which is not finite is called an infinite set. 

► Two sets A and B are called equal if A and B have identical 
elements. 

► A set having no element in it is called a null set. 

► Set A is said to be subset of set B if every member of set A 
is also the member of set B. 

► If A cB, then B is called superset of A. 

► If A c5 and A ^ B, then A is called proper subset ofB. 

► Set of all the subsets of a set A is called its power set which 
is denoted by P(A). 

► If all sets under consideration are subsets of a larger set , 
then this larger set is called universal set, denoted 
by U. 

► Au B = {x: xe A or xe B} 

► AnB = {x:xeA and x e B} 

► A- Bis the set of elements which belong to A but not to B. 

► A' = {x\xe UbutxfcA} 

► If A and B are any two sets, then 

> A-B = AnB' 

> B-A = BnA' 

> A-B = A^> AnB = § 

> (A-B)uB = AuB 

> (A - B) n B = § 

> Ac^^'cA' 

> (A - B) u (B - A) = (A u B) - 


(A n B) 


Commutative law 

> Au B=BuA 

> A n B = B n A 
Associative law 

> (Au B)u C = Au (Bu C) 

> (A n B) n C = A n (B n C) 

Law of identity element 

> A u 0 = A 

> 0 n A = 0 
Idempotent law 

> A u A = A 

> A n A = A 
Distributive law 

> A n (B u C) = (A n B) u (An C) 

> A u (B n C) = (A u B) n (A u C) 

Laws of U 

> UuA=U 

> UnA=A 
Complement law 

> AuA'=U 

> AnA' = (|) 

De-Morgan’s law 

> (A u Bfi = A'nB' 

> (An Bf = A'uB' 

Law of double complementation 

> (A'/ = A 

Law of empty set and finite universal set 

> 0' = U and U' = 0 

n(A u B) = n(A) + n(B) - n(A n B) 

n(A - B) = n(A n Bf = n(A) - n(A n B) 

n(A A B) = n(A) + n(B) - 2n(A n B) 

n(A u 5 u C) = n(A) + + n(C) - n(A n 

- n C) - w(C n AJ + n(A nBnC) 
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WORK IT OUT 


VERY SHORT ANSWER TYPE 

1. Write the set A = {x : x e Z, x 2 < 20} in the roster form. 


From the sets given below, select equal set: 
A = {2, 4, 8 , 12}, B = {1,2, 3, 4}, 

C = {4, 8 , 12 , 14} D={3, 1,4,2}, 

£ = {- 1 , 1 }, £ = { 0 , a} 

G = {1,-1}, H={ 0,1} 


3. Write down all the subsets of the set {1, 2, 3}. 

4. Let U= {1, 2 , 3, 4, 5, 6 , 8 }, A = { 2 , 3, 4}, B = {3, 4, 5}. 
Show that (A u £)' = A' n B' and A' n £' = A' u £'. 


5. 


Represent the set A = 
builder form. 


2 3 4 5 6 l 
U’ 3’ 4’ 5’ 6 ’ 7j 


in set 


SHORT ANSWER TYPE 

6 . If A = {3, 5, 7, 9, 11}, B = {7, 9, 11, 13}, C = {11, 13, 15} 
and D = {15, 17}, find: 

(i) A n (£ u C) (ii) (A u D) n (£ u C) 

7. If A and £ are two sets such that n(A) = 27, n(£) = 35 
and n(A u B) = 50, find n(A n £). 

8 . If A c £, prove that (C - B) c (C - A). 

9. From the adjoining Venn diagram, determine the 
following sets: 



(i) A u B (ii) An B 

(hi) A-B (iv) (A n £)' 

10. For any sets A and £, show that (A - B) = (A n 50- 

LONG ANSWER TYPE - I 

11 . Two finite sets have m and n elements. The total 
number of subsets of the first set is 56 more than 
the total number of subsets of the second set. 
Find the value of m and n. 

12 . If A = { 1 , 2, 3, 4, 5}, B = { 1 , 3, 5, 8 }, C = {2, 5, 7, 8 }, 
verify that A - (£ u C) = (A - B) n (A - C). 
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13. In a group of 800 people, 550 can speak Hindi and 
450 can speak English. How many can speak both 
Hindi and English? 

14. If A and B are respectively the sets having 
the elements as the zeros of the polynomials 
x 3 - 4x 2 + x + 6 and x 3 - 6x 2 + llx - 6 , find 

(i) A-B (ii) B - A 

(iii) A - (£ - A) 

15. If A and B are two sets containing 3 and 6 elements 
respectively, what can be the maximum number of 
elements in A u £? 

Find also the minimum number of elements in 
Au£. 

LONG ANSWER TYPE - II 

16. There are 200 individuals with a skin disorder, 
120 had been exposed to the chemical C p 50 to 
chemical C 2 and 30 to both the chemicals C x and 
C 2 . Find the number of individuals exposed to: 

(i) Chemical C 2 but not chemical C r 

(ii) Chemical C x or chemical C 2 . 

17. In a class, 18 students took Physics, 23 students 
took Chemistry and 24 students took Mathematics. 
Of these 13 took both Chemistry and Mathematics, 
12 took both Physics and Chemistry, 11 took both 
Physics and Mathematics and 6 students offered all 
the three subjects. If each student took atleast one 
of the three subjects, then find : 

(i) Total number of students in the class. 

(ii) How many took Mathematics but not Chemistry? 

(iii) How many took exactly one of the 3 subjects? 

18. A school awarded 15 medals in table tennis, 38 in 
hockey and 20 in cricket. If these medals went to a 
total of 58 men and only three men got medals in 
all the three sports, how many received medals in 
exactly two of the three sports? 

19. If A, B, C are three sets and U is the universal set 
such that n(U) = 800, n(A) - 200 , n(B) = 300 and 
n(A n B) = 100. Find n(A' n £')• 

20 . There are 2000 students in a school. Out of 
these 1000 play cricket, 600 play basketball and 
550 play football, 120 play cricket and basketball, 
80 play basketball and football, 150 play cricket and 
football and 45 play all the three games. How many 
students play none of the games? 






SOLUTIONS 


1. We observe that the integers whose squares are less 
than 20 are: 0, ± 1, ± 2, ± 3, ± 4. Therefore, the set A in 
roster form is A = {-4, -3, -2,-1,0,1,2,3,4}. 

2. From the given sets, we see that sets B and D and 
also sets E and G have same elements. 

B = D = {1,2,3,4} and E = G = {- 1,1} are equal sets. 

3. Number of elements in given set = 3 
Number of subsets of given set = 2 3 = 8 

.’. Subsets of given set are 4>, {1}, {2}, {3}, {1, 2}, {2, 3}, 
{1,3}, {1,2, 3}. 

4. Given, U ={1,2, 3,4, 5,6, 8} 

A ={2, 3,4}, B = {3, 4, 5} 

AuB ={ 2, 3, 4} u {3,4, 5} = {2, 3, 4, 5} 

.'. (A u BY = {2, 3, 4, 5}' = {1,6, 8} ...(i) 

A' = {2,3, 4}' = {1, 5, 6, 8} 

B' = {3, 4, 5} ={1, 2, 6, 8} 

.-. A'nB' = {1, 5,6,8} n {1,2,6, 8} 

= {1, 6, 8} ...(h) 

From (i) and (ii), we get 
(A u BY = A'nB' 

Now, A n B = {2, 3, 4} n {3, 4, 5} = {3, 4} 

(A n BY = {1, 2, 5, 6, 8} ...(hi) 

A'uB' = {1, 5, 6, 8} u {1, 2, 6, 8} 

= {1, 2, 5, 6, 8} ...(iv) 

From (iii) and (iv), we get, (A n BY = A' u B'. 

5. A = i - ,ne N,n<6 1 

1 ” + 1 1 

6 . (i) A n (Bu C) 

= {3, 5, 7, 9, 11} n ({7, 9, 11, 13} u {11, 13, 15}) 

= {3, 5, 7, 9, 11} n {7, 9, 11, 13, 15} = {7, 9, 11} 

(ii) (AuD)n(Bu C) 

= ({3,5,7,9,11} u {15, 17}) n ({7, 9,11, 13} u {11,13,15}) 

= {3, 5, 7, 9, 11, 15, 17} n {7, 9, 11, 13, 15} 

= {7, 9, 11, 15} 

7. We know that 

n(A u B) = n(A) + n(B) - n(A n B ) 

=> «(A n B) = n{A) + n(B) - n(A u B ) 

= (27 + 35 - 50) = 12. 

Hence, n(A n B) = 12. 

8 . Given, AcB 

Let x G (C - B). Then, x G C and x g B 
=> x G C and x g A [v AcB] 


=> x G (C - A) 

.-. (C - B) c (C - A) 

9. (i) {0, 2, 3, 5, 6 , 8 } (ii) {3} 

(iii) {2, 5} (iv) {0,1, 2, 5, 6 , 8 , 9, 10} 

10. Let x G A - B. Then, xg A - B => x G A and x g B 
=> x gA and x G B' => x G A n B'. 

(A - B) c (A n B') ...(i) 

Again, let g (A n B'). Then, 
ye (A n B') => y G A and y eB' 

=> y eA and y g B => y G (A -B) 

.-. (A n B') c (A - B). ...(ii) 

From (i) and (ii), we get (A - B) = A n B') 

11. Number of subsets of first set = 2 m 
Number of subsets of second set = 2” 

2 m - 2 n = 56 => 2 n (2 m ~ n - 1) = 2 3 (2 3 - 1) 

=> n = 3 and m-n = 3=>n = 3 and m = 6. 

12 . We have B u C = {1, 2, 3, 5, 7, 8 } 

L.H.S. = A - (B u C) = {4} 

We have = A - B = {2, 4}; A - C = { 1 , 3, 4} 

R.H.S. = (A-B) n(A-C) = {4} 

.-. L.H.S. = R.H.S. 

13. Let H denote the set of people speaking Hindi and 
E denote the set of people speaking English. 

Given : n(H) = 550, n{E) = 450 and n(H u E) = 800. 
We have to find n(H n E). 

We know that 

«(H u E) = n(H) + n(E) - n(H n E) 

=> n(H n E) = n{H) + n{E) - n(H u E) 

= 550 + 450 - 800 = 200. 

Hence, 200 persons can speak both Hindi and English. 

14. Zeros of x 3 - 4x 2 + x + 6 are - 1 , 2 ,3 .\ A = {- 1 ,2,3} 
and Zeros of x 3 - 6 x 2 + llx- 6 are 1,2,3. .’. B = {1,2,3}. 
(i) A-B = {- 1 }; (ii) B -A = { 1 }; (iii) A-(B-A) = A-{1} 
= {-1, 2, 3} 

15. We know that 

n(A u B) = n(A) + n{B) - n(A n B) ...(i) 

Case 1: From (i), it is clear that n(A u B) will be 
maximum when n(A n B) = 0. 


MPP-1 CLASS XI 


ANSWER KEY 


1 . 

(b) 

2. 

(d) 

3. 

(a) 

4. 

(d) 

5. 

(a) 

6. 

(a) 

7. 
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8. 
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9. 
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(c) 
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(a) 

16. 
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17. 
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19. 

(3) 
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In that case, n(A uB) = n(A) + n(B) = (3 + 6 ) = 9 
Maximum number of elements in (A u B) = 9. 
Case 2 : From (i), it is clear that n(A u B) will be 
minimum when n(A n B ) is maximum, z.e., when 
n(A n B) = 3. 

In this case, n(A uB) = n(A) + n(£) - n(A n £) 

= (3 + 6 - 3) = 6 

Minimum number of elements in A u B = 6 . 

16. n(U) = 200 , n(q) = 120 , n(C 2 ) = 50 
n(C 1 n C 2 ) = 30 

(i) n(C 2 but not C x ) = n(C 2 ) - n(C 1 n C 2 ) 

= 50 - 30 = 20 

(ii) n(C l or C 2 ) = /^(C^ + n(C 2 ) - n(C 1 n C 2 ) 

= 120 + 50 - 30 = 140 

17. P: Physics; C : Chemistry; M: Mathematics 



Given, a + d + e + g= 18; /+ g = 13; 
fc + e +/+ g = 23; e + g = 12; 
c + d +/+ g = 74; d -\- g — 11 ; g — 6 
On solving above equations, we get 

g = 6 , / = 7, e = 6 , d = 5, a = 1, b = 4, c = 6 

(i) Total number of students in class 
= 6 Z + b + c + d+ c+ _/ : + < g' = 35 

(ii) Mathematics but not Chemistry = d + c = 11 

(iii) Exactly one of the three subjects = a + b + c = 11 

18. Let T denote the set of men who received medals 
in table tennis, B the set of men who received medals 
in hockey and C the set of men who received medals in 
cricket. Then, we have 

n(T) = 15, n(H) = 38, n(C) = 20 , n(T u H u C) = 58 
and n(T n H n C) = 3 

Now, n(Tu Hu C) = n(T) + n(H) + «(C) - n(T n H) 
- n(H n C) - n(T n C) + n(T n H n C) 
58 = 38 + 15 + 20 -n(TnH)-n(HnC)-n(TnC) + 3 
n(T n H) + n(H n C) + n(T n C) = 76 - 58 = 18 
Now, number of men who received medals in exactly 
two of the three sports 


= n(T n H) + n(H n C) + n(J n C) - 3 n(T n H n C) 
= 18- 3x3 = 9 

Thus, 9 men received medals in exactly two of the 
three sports. 

19. We know, n(A' n B') = n(Au B)' ... (i) 

Now, h(A uB) = n(A) + n(P) - n (A n B) 

= 200 + 300 - 100 (given) 

= 400 

/. n(A u B)'= «(U) - «(A u B) 

= 800 - 400 = 400 

.*. n(A 'n B ') = 400 [From (i)] 

20. A : set of students playing cricket 
B : set of students playing basketball 
C : set of students playing football 

m(A u B u C) = w(A) + n(B) + n(C ) - «(A n B) 

- n(B n C) - n(C n A) + n(A n P n C) 
= 1000 + 600 + 550 - 120 - 80 - 150 + 45 = 1845 
Number of students playing none of the games 
= 2000 - 1845 = 155. 

.<»<$> 
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MPP-1 


MONTHLY 

Practice Problems 


T his specially designed column enables students to self analyse their 
extent of understanding of specified chapters. Give yourself four 
marks for correct answer and deduct one mark for wrong answer. 

Self check table given at the end will help you to check your 
readiness. 

Sets, Relations and Functions 




Total Marks: 80 

Only One Option Correct Type 


1. Find the domain of the function 


/(*) = 


1 

<J[x] 2 -[x]-6 


(a) (- °o, - 3) u [4, °o) 

(b) (- oo, - 2) u [4, °o) 

(c) (- 2] u (4, oo) 

(d) [4, “>) 


2 . 


If af{x) + bf[^ 


= x-l,x^0 and a ^ b, then/(2) 


is equal to 
(a) a 


(c) 


2 u 2 
a -b 

(a-2b) 

(a 2 -b 2 ) 


(b) (fl + 2b) 

2 (a 2 -b 2 ) 

(d) ( 2fl + k) 

2 (a 2 -b 2 ) 


3. If X = {8 n - 7n - 1: n e N} and 
Y = {49 (n - 1): n e N} then 
(a) XcY (b) YcX 

(c) X = Y (d) none of these 


4. The range of the function/(x) = 9 X - 3 X + 1 is 

(a) (- oo, oo) (b) (-oo,0) 


(c) (0,oo) 


(d) 


1 ’°° 


5. Number of non empty subsets of the set consisting 
10 elements in all, is 
(a) 1023 (b) 1024 

(c) 2 10 - 2 (d) 2 9 


Time Taken: 60 Min. 

6 . Let S = {x:x is a positive multiple of 3 less than 100} 
P = {x : x is a prime number less than 20}. Then, 
ones digit of (n(S) + n(P)) is 

(a) 1 (b) 4 

(c) 2 (d) 3 

One or More Than One Option(s) Correct Type 

7. If Xu { 1 , 2 } = { 1 , 2 , 3, 5, 9}, then 

(a) the smallest set X is {3, 5, 9} 

(b) the smallest set X is {2, 3, 5, 9} 

(c) the largest set X is {1, 2, 3, 5, 9} 

(d) the largest set X is {2, 3, 4, 9} 

x 2 -9 

8 . If /(*) = ——— then for/(x) 

(a) domain = R - {3} 

(b) range = R- { 6 } 

(c) domain = (-°°,2) u (4, oo) 

(d) range = R 

9. If A = {(x, y) :y = e 2x ,xe R} and B {(x, y):y= e~ 2x ,x e R}, 
then 

(a) AnB = <\> 

(b) AnB±ty 
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Matrix Match Type 


(c) A n R is a singleton set 

(d) None of the above 

10. If A = {x : fix) = 0} and B = {x : g(x) = 0}, then 
AnB will be 


(a) 


fix) 
g(x ) 


(b) 


gW 

fix) 


(c) [fix)] 2 + [g(x)] 2 = 0 (d) none of these 


11 . A real valued function/(x) satisfies the functional 
equation f(x - y) =f(x)f(y) -f(a - x)f(a + y) where 
a is a given constant and/( 0 ) = 1 , then, 

(a) /(a) = 1 

(b) /( 2 a - x) =f(a) +f(a - x) 

(c) /(a) = 0 

(d) /( 2 a - x) = -J{x) 


12. LetX = {5, 6 , {1,2}, 7,9} then which of the following 
are subset (S) of X? 

(a) {5,6,9} (b) {1,2,7} 

(c) { 6 , { 1 , 2 }} (d) {{ 1 , 2 }} 


13. The domain of the function f(x) = 
contains 


(x + l)(x-3) 


x-2 


(a) [0, 2) u [3, 100] (b) (-l, 2 )u[ 3 ,oo) 

(c) [-1, 1] u [5, °o) (d) (-1,5) 


Comprehension Type 

Out of 100 students; 15 passed in English, 12 passed 
in Mathematics, 8 in Science, 6 in English and 
Mathematics, 7 in Mathematics and Science, 4 in English 
and Science; 4 passed in all the three subjects. 


14. The number of students passed in English and 
Mathematics but not in Science is 
(a) 3. (b) 2 

(c) 4 (d) 5 


15. The number of students who only passed in more 
than one subject is 
(a) 9 (b) 3 

(c) 2 (d) 1 


16. Match the following : 


Column I 

Column II 

P. 

fix) = log 10 sin(x - 3) 

Wl 6 -x 2 

1 . 

X G (0, oo) 

Q. 


2 . 

x e R - {-1, 1} 

R. 

/W= V^M 

3. 

x e ]-2n+3, - n + 3 [ 
u ]3, 4] 

S. 

fix) = ~^ 

1-x 2 

4. 

xe (-«>, -7) u [-4,4] 

U (7, oo) 


P Q R S 

(a) 4 2 3 1 

(b) 3 4 1 2 

(c) 1 4 3 2 

(d) 2 4 3 1 

Integer Answer Type 

17. If A = {3, 5, 7, 9, 11}, B = {7, 9, 11, 13}, C = {11, 13, 15} 
and D = {15, 17}, then number of elements in 
(AuD)n(Bu C) is equal to 

18. Let X be the universal set for sets A and B. 
If n(A) = 200, n(B) = 300, n(A n B) = 100, 
n(A' n B') = 300. If n(X) is equal to 100 a then 
a equals 

19. Iff(x) + 2/(1 - x) - x 2 + 2 V xeR , then/(5) is 
equal to 

20 . Two finite sets with m, n elements, the total 
number of subsets of the first set is 224 more 
than the total number of subsets of the second. 
Then m-n equals 

<$><$> 
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CLASS XII 


Series 1 


ACE 


YQURWAY 

Relations and Functions 



Important 


► If X and Y be two non-empty finite sets having m and n 
elements respectively then 

(i) Number of ordered pairs inXxY is mx n 

(ii) Number of subsets ofX xY = 2 mxn 

(iii) Number of relations from X to Y= 2 mn 

► Empty relation : A relation R in X given by R = 0 c X x X. 

► Universal relation : A relation R in X given by R = X x X. 

► Reflexive relation : A relation R in X with (a, a) e R 
VflGl 

► Symmetric relation : A relation R in X with (a, b) e R 
implies (b, a) e £ V a, b e X. 

► Transitive relation : A relation R in X with (a, b) e R and 
(by c) E R implies (a, c) e RV a, b, c e X. 

► Equivalence relation : A relation R in X which is reflexive, 
symmetric and transitive. 

► If R is a relation on A, then Inverse relation on 
A = R~ l = {(by a) : (a, b) e R] 

► Composition of Relation : Let R Q A x B, ScBxC 
be two relations, then composite relation of R and S is 
SoR ^AxC or SoR = {(a, c) : (a, b) e R, (b, c ) e S} 

► The number of functions from a finite set A into 
set B = [n(B)fi n< < A ^ 

► There may exist some elements in set B which are not the 
images of any element in set A. 

► Ifx x ^ x 2 =^>f(xf) ^ f(x 2 )y for every x p x 2 e domain, then 
fis one-one or else many one. 

► If fix f) =fix 2 ) => x Y = x 2 ,for every x p x 2 e domain, then 
fis one-one or many one. 


Formulae 


► If the range of the function equals to the codomain of 
the function, the function is onto. 

► A function fis invertible if and only iff is one-one and onto. 

► Inverse function: Inverse of a function f: A^ Bis defined 
byf~ l :B^> A 

••• f~ l (y)=x^f(x)=y 

► Composition of functions : Let f : A —» B and 
g: B —» C be two functions of non empty sets A, B, C then 
gof: A —> C is called composition off and g defined as 
go fix) = g{f(x)} V X € A 

► Iff: A —» B and I A and I B are identity functions on 
A and B respectively then foI A = I B of-f 

► Iff: A^B, g:B^ C and h : C ^ D. Then, fog ^ gof and 
fo(goh) = (fog)oh. 

► Ifn(A) = m and n(B) = n, then 

(i) Number of one-one functions from A to B = n P m , 
where n>m 

(ii) Number of onto functions (surjections) from A to B 

n 

= n C r r m provided m>n. 

r=l 

► Binary operation : A binary operation * on set A is a 
function * : A x A —» A. We denote * on (a, b) by a* b. 

> a * b = b * a\/ a, be A (Commutative law) 

> (a* b) * c = a* (b * c) (Associative law) 

> e* a = a = a* e (Law of identity) 

> a*b = e = b*a (Law of inverse) 

> a* b = a* c^> b = c 

> b * a = c * a=> b = c 
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WORK IT OUT 


VERY SHORT ANSWER TYPE 

1. The binary operation * : R x R —» R is defined as 
a * b = 2a + b. Find (2 * 3) * 4. 

2. Let A = {3,4, 5} and relation R on set A is defined as 
R = {(a, b)eAxA:a-b = 10}. Is relation an empty 
relation ? 

3. If functions /and g are given by/= {(1, 2), (3, 5), 
(4,1), (2,6)} andg= {(2,6), (5,4), (1,3), (6,1)}, find 
the range of / and g and write down the functions 
fog and gof 

4. Test the functions for one-one and onto : 

(i) /: R ^ R defined by f(x) = x 2 + 3; V x e £ 

5. * is a binary operation defined on Z. Find the binary 
operation a*b = a + b - 4\/ a, beZ is commutative 
or not. 


13. Prove that: The inverse of an equivalence relation is 
also an equivalence relation. 

14. If the function/: R —» R be given by f(x) = x 2 + 2 

x 

and g : R —» R be given by g(x) =-^ 1, find 

x-1 

fog and go/ and hence find (fog) (2) and (gof) (-3). 

15. Let/: {1, 2, 3} —» {a, b, c} be one-one and onto 
function given by/(l) = a,f( 2) = b and/(3) = c. 
Show that there exists a function g : {a, b, c} —> {1,2, 3} 
such that gof = I x and fog = I y where X = {1, 2, 3} 
and 7 = { a , b, c}. 

LONG ANSWER TYPE-II 

16. Let P be the set of all the points in a plane and the 
relation R in set P be defined as R - {(A, B) E PxP \ 
distance between points A and B is less than 3 units}. 
Show that the relation R is not an equivalence 
relation. 


SHORT ANSWER TYPE 

6 . Let/: R - j- — J ^ R - j—j be a function defined as 

4x 

f(x) = -, find/ -1 : Range of/—> R - 

3x + 4 

7. If/: R^> R :f(x) = 2x + 3 then find/ -1 . 

8. Consider /: R + —» [4, °o) given by f(x) = x 2 + 4. 
Show that / is invertible with the inverse / -1 of/ 
given by/ -1 (y) = ^y~ 4, where R + is the set of all 
non-negative real numbers. 

9. Let X = {1, 2, 3, 4, 5, 6, 7, 8, 9}. Let R x and R 2 
be relations in X given by R x = {(x, y) : x - y is 
divisible by 3} and R 2 = {(x, y) : {x, yj c {1, 4, 7} or 
{*, y} c {2, 5, 8} or {x, yj e {3, 6, 9} where 'c' means 
subset of. Show that = R 2 . 

10. If fg : R —> R are defined respectively by 
f(x) = x 2 + 3x + 1, g(x) = 2x- 3, find 

(i) M (ii) gog 

LONG ANSWER TYPE-1 

11. Let/and g be two real functions as f(x) = 2x - 3; 

3 + x 

g(x) = . Find fog and gof Can you say one is 

inverse of the other? 

12. Let * be a binary operation on Q, defined by 

a*b= . Show that * is commutative as well as 
5 

associative. Also, find its identity, if it exists. 



17. Consider the binary operations * : R x R —> R and 
o : Rx R^ R defined as a * b = \a - b\ and a o b = a, 
V a, b E R. Show that * is commutative but not 
associative, o is associative but not commutative. 

18. Let A = R - {2} and B = R - {1}. If/: A -> B is a 

x — 1 

mapping defined by f(x) = -, show that / is 

x-2 

bijective. 

19. Let/: N —» Y :f(x) = 4x 2 + 12x + 15 and Y = range 
(/). Show that/ is invertible and find/ -1 . 

20. Let A = {1, 2, 3, 4, 5, 6, 7, 8, 9} and R be a relation 
in A x A, defined by (a, b) R (c, d) « a + d = b + c 
for all (a, b) and (c, d) e A x A. Prove that R is an 
equivalence relation. Also obtain the equivalence 
class determined by (2, 5). 


SOLUTIONS 


1. Given, a*fr = 2a + fr=>(2*3)*4=(4 + 3)*4 = 
7*4 = 14 + 4= 18 

2. We notice for no value of a, b e A, a - b = 10. Hence, 
(a, b) g R for a,b e A. Hence, R is an empty relation. 

3. Range/= {1, 2, 5, 6}; Range g= {1, 3,4, 6} 
fog (2) = f(g(2)) = /(6), not defined 

/og is not defined. 

Now, gof { 1) = g(/(l)) = g(2) = 6 
g°f (3) = g(f(3)) = g(5) = 4 
gof(4)=g(f(4))=g(l) = 3 
g°f(2)=g(f(2))=g(6)=l 
.-. gof= {(1, 6), (3, 4), (4, 3), (2, 1)} 
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4. (i) Given,/: R^R definedby/(x) = x 2 + 3 V x G R 
Clearly -1,1 £ R and/(-l) = 4 and/(l) = 4 

Thus two different elements -1 and 1 of domain have 
same image under/and hence /is not one-one. 

Since,/(x) = x 2 + 3 > 3 [v x 2 > 0] 

Hence, range /= [3, ©o) = {y ; 3 < y < °o} ^ codomain R 
Hence,/is not onto 
Thus/is neither one-one nor onto. 

5. a*b = a + b- 4 = b + a- 4 = b*a\/a,beZ 
Hence, the operation * is commutative. 


4x 

3x + 4 


6. Let y - /(x), Then, y 
=> x(4 - 3 y) - 4y 
4 y 

=^> x = —— 

4-3y 

f~ l (y ) = or f~ l (x) = - 

4-3y 4-3x 


3xy + 4y = 4x 


4x 


7. Let y = /(x) Then, y = 2x + 3 
=^> x = ^ (y - 3) 

••• t'iy) =\{y- 3) [■•■ 7 =f(x) =>x =/-*(>')] 

Thus, we define/ -1 : R^> R ;f~ l (y) = ^(y - 3) 

8. For one-one: Let x p x 2 E £ + and consider/)^) =/(x 2 ) 
=> x^ + 4 = x 2 + 4 

=> x 2 = x 2 => Xj = x 2 ( v x p x 2 G £ + ). So,/is one-one. 
For onto : Let y e [4, ©©) and x G R + such that /(x) = y 

=> x 2 + 4 = y =^> x = ^y-4 g £ + . Hence,/is onto. 
Since,/is one-one and onto. 

/is invertible, with x = a Jy ~4 or/ _1 (y) = y[y~ 4. 

9. Given, X = {1, 2, 3, 4, 5, 6, 7, 8, 9} 

Let Aj = {1, 4, 7}, A 2 = {2, 5, 8}, A 3 = {3, 6, 9} 

Clearly difference of any two elements of sets A x or A 2 

or A 3 is a multiple of 3 

Now (x, y) G <^> x - y is a multiple of 3 

« (x, y) belong to the same set A x or A 2 or A 3 

<^> {x, y} c A x or {x, y} c A 2 or {x, y} c A 3 

<=> (x, y) G R 2 

Hence, R l = R 2 

10. Given,/(x) = x 2 + 3x + 1 andg(x) = 2x - 3 
(i) For any x G R, we have 

(/o/)(x) =/(/(x)) = /(x 2 + 3x + 1) 

= (x 2 + 3x + l) 2 + 3(x 2 + 3x + 1) + 1 
= x 4 + 9x 2 + l 2 + 6x 3 + 2x 2 + 6x + 3(x 2 + 3x + 1) + 1 


= x 4 + 6x 3 + 14x 2 + 15x + 5 
Hence, fof: R R is defined by 
( fof)(x ) = x 4 + 6x 3 + 14x 2 + 15x + 5, for all x G R 
(ii) For any x G R, we have 

(£<#)(*) = £(?(*)) = £(2x - 3) = 2(2x -3)-3 = 4x-9 
Hence, gog : R —» £ is defined by (yoy)(x) = 4x - 9, 
for all x G £ 

11. fog(x) = :/&*)) = = 2 3 = 3 + x- 3 = x 

gof(x) = giflx)) = g(2x - 3) = 3 + 2x ~ 3 = — = x 

2 2 

As fog and gof are identity functions, so one is inverse 
of the other. 

12. For commutative : Let a,&G Q => a * =- and 

7 3fra ^ 

b * a = - 

5 


A 3ab 3ba 7 7 

As-=- => a* b = b * a. Hence, * is commutative. 

5 5 

For associative : Let a,b,ce Q^> (a* b) * c = \ I * c 


3afo ^ 
5 


) 9abc 


25 




a * (b * c) = a * 


3bc 

5 



9afrc 

25 




From (i) and (ii), (a * b) * c = a * (b * c) 

Hence, * is associative 

For identity : If e G Q is an identity element for binary 
operation *, then for a G Q, 


3 ae 3ea 5 

a * e = e * a = a => -=-= a => e = -. 

5 5 3 


13. Let £ be an equivalence relation on a set A. Then R 
is reflexive, symmetric and transitive. 

(a) For reflexivity, let (x, x) G R, V x G A 
=> (x, x) G £ _1 => R~ l is reflexive 

(b) (x,y) g IT 1 (y, x) g £ => (x,y) g R^>(y,x)e R' 1 

[ v £ is symmetric] 

.*. £ _1 is symmetric 

(c) (x, y) G £ _1 and (y, z) G £ _1 

=> (y, x) G R and (z, y) G R 

=^> (z, y) g R and (y, x) e R 

(z, x) e R (v R is transitive) 

=> (x, z) G R~ l 

Thus, R' 1 is transitive 
Hence, R _1 is an equivalence relation on A. 
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14. Given,/(x) = x 2 + 2 and g(x) 


(fog)(x) =f(g(x )) = / 
(fog)(x) = 


x-1 


x-1 

\2 


-, X ^ 1 


X 


x-1 


+ 2 


x 2 +2(x-if 


x 2 + lx 1 ■ 


-4x + 2 3x-4x + 2 




u-ir u-ir 

(gof)(x) = g(f(x)) = g(x 2 + 2) -- 


(x-i r 


x 2 +2 


(f°g)(2) 


3(2f-4x2 + 2 _ 
(2 - 1) 2 

(-3) 2 +2 9 + 2 


x z +2-l 
12-8 + 2 


x 2 +2 
x 2 +1 


...(ii) 


1 

11 

10 


6 [from (i)] 


[from (ii)] 


/ a \ 

—►— 

r \ 

h • 

I ^ 


I u • 


•2 

\ c -/ 

—►— 

^3 / 


(*°/)(-3) 2 

(-3) 2 +1 9 + 1 

15. Letg: { a , b , c} —» {1, 2, 3} be defined by 
£(a) = l,g(b) = 2 and g(c) = 3 

= {(a, 1), ( b , 2) (c, 3)} 

Also,/(l) = a, /(2) = and/(3) = c 

z.e.,/= {(1, a), (2, fr), (3, c)} 

Now, gofi 1) = £[/(l)] = £(a) = 1 
g°f(2) = g\f(2)] = g(b) = 2 
and £0/(3) = £[/(3)] = g(c) = 3 
Thus gof : X —» X defined by 
gof = {(1, 1), (2, 2), (3, 3)} = the identity function on X 
Hence gof = I x 

Again, fog(a) = f[g(a)] = fi 1) = a 
fog(lo) =f[g(b )] =/( 2) = 
and /o£(c) = /[^(c)] = /(3) = c 
Thus fog : 7 —» 7 defined by 
/o£ = {(a, a), (b, b ), (c, c)} = the identity function on Y 
Hence fog = I y 

16. Given, R = {(A,B)e PxP | distance between points 
A and B is less than 3 units} 

For reflexivity : (A, A) e is true as distance between 
points A and A is 0, which is less than 3 units for all 
A E P. Hence, R is reflexive. 

For symmetry : Let A, B e P 

(A, B) e R => distance between points A and B is less 
than 3 units. 



2 units and between B and C is also 2 units, i.e., (A, B) e R 
and (R, C) e R, we notice distance between A and C is 
4 units => (A, C) £ R. Hence, R is not transitive. 
Hence, R is not an equivalence relation. 

17. Consider binary operation a*b=\a-b\ 
a * b = \a - b\ and * a - \b - a\ = \-(a - b)\ - \a - b\ 
Asa*fr = fr*aVa, be R. Hence, * is commutative. 
Let a = 2, b = 3 and c - 4 

(a* b) * c = ( 2 * 3) * 4 = |2 - 3| * 4 = |1 - 4| = 3 
a*(fr*c) = 2*(3*4) = 2*|3-4| = 2*l = |2-l| = l 
As (a * b) * c ^ a * (b * c). Hence, * is not associative. 
Consider binary operation aob = aV a, be R 
aob = a and boa = b 

As aob ^ boa. Hence, o is not commutative. 

Also consider ( aob)oc = aoc = a and ao(boc) = aob = a 
As (aob)oc = ao(boc) V a, b, c e R. Hence, o is 
associative. 


18. Consider function /(x) : 


x-1 

x-2 


For one-one : Let x, y e A and consider/(x) = fiy) 

x-1 y-1 

=^> -= z - 

x-2 y—2 

=> (x - 1 )(y - 2) = 

=> xy - y - 2x + 2 
=> x = y 

Thus, fix) = fiy) = 

So,/is one-one. 

For onto : Let y be an arbitrary element of B. Then, 
x-1 

—- = r- 


fix) = 7 => 

1-2 y 
1-y 


(x - 2)(y - 1) 

= xy - x - 2y + 2 

=> x = y for all x,y G A 


(x - 1) = y(x - 2) 


x = 


Clearly, x : 


Also, 


l-2y 


l-2y 


y 


1- 


is a real number for all y ^ 1. 

l-2y 


^ 2 for any y, for, if we take 


i -y 

then we get 1=2, which is wrong. 

So,/is onto. Hence,/is a bijective map. 


1-y 


2 , 


MPP-1 CLASS XII 


ANSWER KEY 


=> Distance between £ and A is less than 3 units. 

1. (d) 

2. (b) 

3. 

(b) 

4. 

(a) 

5. 

(a) 

So, (5, A) G R 

6. (a) 

7. (a,b,c) 

8. 

(a, b, c 

d) 


9. 

(d) 

Hence, R is symmetric. 

10. (a, c) 

11. (a, b) 

12. 

(a, b) 

13. 

(a, b, 

c) 


For transitivity: Let points A, B and C are collinear. B is 

14. (a) 

15. (b) 

16. 

(c) 

17. 

(D 

18. 

(9) 

mid-point of AC such that distance between A and B is 

19. (0) 

20. (8) 
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19. For one-one : Let x 1 x 2 E N and consider, 

M) =f( x 2) 

=> 4x 2 + 12x x + 15 = 4x| + 12x 2 + 15 
=^> 4(x 2 - x 2 ) + 12(x x - x 2 ) = 0 
=^> (x 2 - x 2 ) + 3(x x - x 2 ) = 0 
=^> (x x - x 2 )(x 1 + x 2 + 3) = 0 

=> x x - x 2 = 0 [ v Xj + x 2 + 3 ± 0] 

=> x x = x 2 . So,/is one-one 

For onto : range (/) = 7. So, / is onto. 

Thus,/is one-one and onto. / is invertible. 

Let y E Y. Then,/being onto, there exists x such that 

7 =/(*) 

Now, 7 = /(x) =^> y = 4x 2 + 12x + 15 
=> y = (2x + 3 ) 2 + 6 

=> (2x + 3) = -yj y -6 => x = —{\l~y-~6- 3) 

=> /"'O') = l(Vr- 6 -3) 

Thus, we define : 

= 6 - 3 ) 


20. (i) For reflexivity: Let (a, b) E A x A. Then, 

(a, b) E A x A a, b E A 
=> a + b = b + a 
=^> (a, b) R (a, b) 

.*. £ is reflexive. 

(ii) For symmetry : Let (a, b) R (c, d). Then, 

(a, b) R (c, d) => a + d = + cd 

=^> c + b = d + a 
=> (c, d) .R (a, b) 

.*. £ is symmetric. 

(iii) For transitivity : Let (a, b) R (c, d) £ (e,/). Then, 
(a, b) R (c, d) and (c, d) £ (e,/) 

=> a + d = + c and c + / = d + e 

a + d + c+ /=fr + c + d + e 
=> a +/= £> + e 
(a, b) R (e,f) 

.*. £ is transitive. 

Thus, £ is reflexive, symmetric and transitive. 

Hence, £ is an equivalence relation. 

[(2, 5)] = {(a, fc) : (2, 5) R (a, fe)} 

= {(a, b) : 2 + b = 5 + a} = {(a, b) : b - a = 3} 

= {(1, 4), (2, 5), (3, 6 ), (4, 7), (5, 8 ), ( 6 , 9)}. 

<$><$> 
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MPP-1 


MONTHLY 

Practice Problems 


T his specially designed column enables students to self analyse their 
extent of understanding of specified chapters. Give yourself four 
marks for correct answer and deduct one mark for wrong answer. 

Self check table given at the end will help you to check your 
readiness. 


Relations and Functions 



Total Marks: 80 

Only One Option Correct Type 


1 . The inverse of the function/(x) = lo g 2 (x + Vx 2 +l) 

2 X +2~ x 


is 


(a) 2 + 2 ” 


(c) 


2~ x —2 X 


(b) 

(d) 


2 

2 X — 2 " 


, x +1 

equal to 

(a, W- 1 

(c) 


a(f{x) + 1 ) 

m -1 


(b) 

(d) 


/(*) + ! 

a(f(x)~ 1 ) 

/(*) +1 


«(/(*)- 1) w «(/(*) +1) 

5. \ig (fix )) = |sin x\ and f(g{x)) = (sinVx) 2 , then 

(a) f(x) = sin 2 x, g(x) = 4x 

(b) f(x) = sin x, g (x) = |x| 

(c) f(x) = x 2 ,g(x) = sinVx 

(d) /and g cannot be determined. 


Time Taken: 60 Min. 
6 . Let / :R- j-|J —> R be defined by /(x) = ^ + ^ . 


Then 


(a) / ’(x) = x 
(c) /o/(x) = - x 


(b) f~\x) = -f(x) 

(d) r\x) = ±fix) 


2 2 

2. Let R be the relation on the set A = { 1, 2, 3, 4} given 
by R = {(1,2), (2,2), ( 1 , 1 ), (4,4), ( 1 ,3), (3,3), (3,2)}. 
Then, 

(a) R is reflexive and symmetric but not transitive 

(b) R is reflexive and transitive but not symmetric 

(c) R is symmetric and transitive but not reflexive 

(d) R is an equivalence relation 

3. If the function/: (- °°, °°) —> B defined by 

f(x) = - x 2 + 6x - 8 is bijective, then B is equal to 
(a) [I,-) ( b ) (- 00 , 1 ] 

(c) (- oo, oo) (d) None of these 

4. If f(x) = ——- , then f(f(ax)) in terms of f(x) is 


One or More Than One Option(s) Correct Type 

7. Let f(x) be a real valued function such that /(0) = j 

and f(x + y) =/(x)/(a - y) +f(y)f(a - x) V x, y e R , 
then for some real a 

(a) f(x) is a periodic function 

(b) f(x) is a constant function 

(c) /(x) = i 


(d) f(x) = 


cosx 


8 . Let/: R —> R be a function defined by 

fix)-5 

fix +1) = —rr^:—- V x e R. Then, which of the 
fix)-3 

following statements is/are true? 

(a) /(2008) =f{ 2004) (b) /(2006) =/(2010) 

(c) /(2006) =/( 2002 ) (d) /(2006) =/(2018) 

9. If f(x) = yj3\x\-x-2 andg(x) = sinx, then domain 
of definition of/og (x) is 

(a) { 2 ^ + ^} 

l z Jrcel 

(b) |J (2nn +—,2nn + ^^ 

ne i\ 6 6 
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(d) \2nn + ^,2nn + ^^\ U \2mn + — ] 

10. The function/: R^ R defined by/(x) = 2* + 2^ is 

(a) one-one (b) onto 

(c) into (d) many-one 

11. The distinct linear functions which map [-1, 1] 
onto [0, 2] are 

(a) fix) - x + 1 (b) fix) = - x + 1 

(c) /(x) = - x - 1 (d) fix) = 2x + 2 

12. Let/(x + y) + fix - y) = 2/(x) /(y), V x,y E £ and 
/(0) = k, then 

(a) /is even, if fc = 1 (b) /is odd, if fc = 0 

(c) /is always odd 

(d) /is neither even nor odd for any value of k 

13. Let R be the relation from A = {2, 3, 4, 5} to 
B = {3, 6, 7, 10} defined by be divides y’, then subsets 
of R~ l are 

(a) {(6, 2), (3, 3)} 

(b) {(6, 2), (3, 3), (10, 5)} 

(c) {(6, 2), (10, 2), (3, 3), (6, 3)} 

(d) {(3, 2), (7, 3), (10, 5)} 

Comprehension Type 

Let A, B and C be three non-void sets and let /: A —» B, 
g : B —» C be two functions. Since/is a function from 
A to B , therefore for each xe A there exists a unique 
element/(x) e B. Again, since g is a function from B 
to C therefore corresponding to / (x) e B there exists 
a unique element g(f (x)) e C. Thus for each x e A 
there exists a unique element g(/(x)) e C. 



Let/: A —> B and g : B —» C be two functions, then a 
function go/: A —» C defined by 

(gof )(x) = g(f (x)), for all xeA. 


14. If/(x) = sin 2 x + sin 2 (x + 71/3) + cosx cos(x + n/3) 
andg(5/4) = 1, then go/(x) = 

(a) 1 (b) 0 

(c) sinx (d) none of these 


15. Given fix)- log 

then/og (x) 

(a) -fix) 

(c) [f(x)] 3 


f—) 

U-xJ 


and g(x) = 


3x + x 3 
1 + 3x 2 


(b) 3 f(x) 

(d) none of these 


Matrix Match Type 

16. Match the following: 


Column I 

Column II 

P. 

If F: [1, oo) [2, oo) is given by 

fx) =x + —, then/ -1 (2) equals 

X 

1. 

3 

Q- 

If function / : R —» R defined as 
fix) = 2x - 3 then/ -1 (3) is 

2. 

- 1/2 

R. 

Let / : N —> R be a function 
defined as fix) = 4x 2 + 12x + 15 
is invertible then/ -1 (10) is 

3. 

1 


P Q R 

(a) 2 1 3 

(b) 3 2 1 

(c) 3 1 2 

(d) 1 2 3 

Integer Answer Type 


17. The minimum value of 2^ x ^ +27 is 

18. Let/: R —» R be defined as f(x) = < 
Then, /(-l) + /(2) +f( 4) is 


2x, 

x 2 , 

3x, 


if x > 3 

if 1 < x < 3 
if x < 1 


19. Let * be a binary operation defined on set Q - {1} 
by the rule a*b = a + b-ab. Then, the identity 
element for * is 

20. The period of the function fix) which satisfies the 
relation fix) +/(x + 4) =/(x + 2) +/(x + 6) is 

<$><$> 
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PRESS RELEASE 


ANDHRA PRADESH TOPS LIST OF APPLICANTS 

OVER 2.23 LAKH CANDIDATES SET TO APPEAR FOR VITEEE-2017 


VELLORE: VIT University has yet again created 
history with a whopping 2.23 lakh set to appear for VIT 
Engineering Entrance Examination 2017. 

This year, the university has registered 2,23,081 students 
for VITEEE, whereas the number was 2,12,238 last year. 
In addition, this year the university also received 10,843 
more applications, which show the brands reputation 
among students across the nation. 

Announcing the results at a press conference in VIT 
University Founder & Chancellor, Dr. G. Viswanathan 
said that the university's record placement this year 
and its thrust to create innovation in academics has 
propelled the increase in patronage among students, 
especially from the Northern part of India and non¬ 
resident Indians. 

Among the prominent states in India, Andhra Pradesh 
tops the chart with 34,068 registrations, which includes 
25,011 male applicants, 9,054 female applicants. Second 
on the list is Uttar Pradesh with 23,360 registrations 
followed by Telangana with 19,847, Maharashtra with 
19,684 and Rajasthan with 16,304 and Tamil Nadu with 
16,173 registration. 

As per the centre-wise calculations, while Hyderabad 
registered 16,856, Delhi has registered 15,079 
candidates, Vijayawada has registered 13,209, Kota has 
registered 8,877 candidates and Chennai has registered 
7,687. Patna has registered 7,321 candidates and Vellore 
2,789. 

About VIT Engineering Entrance Examination (VITEEE) 

VIT Engineering Entrance Examination (VITEEE) is 
to be held as Computer-Based Test from 5 th April to 
16 th April 2017, in 119 cities, with 167 centres 
across India, including Dubai, Kuwait and Muscat 
for admission to B.Tech. programmes offered by VIT 
University in Vellore, Chennai, Bhopal (MP) and 
Amaravathi (AP). 

Dr. G. Viswanathan also said that the university would 
announce VITEEE results on or before 24 th April 
(tentatively) in www.vit.ac.in 


The counseling for admissions will begin from 10 th to 
13 th May, 2017, with each day divided by the ranks in 
ascending order. The counseling for those with ranks 
upto 8,000 will be held on 10 th May followed by those 
with ranks upto 12,000 on the 11 th , Ranks upto 16,000 
will sit for counseling on 12 th May and those with ranks 
upto 20,000 will sit on 13 th May 2017. 

Scholarship under GV School Development programme 

To help deserving students get high quality education at 
VIT, the university has instituted special Scholarships. 
Dr. Viswanathan said that Central and state board 
toppers would get 100 percent fee waiver for all four 
years. 


Performance 

Scholarship* 

Toppers of each State 
Board and Central Board 

100% Tuition fee waiver 
for all the four years. 

VITEEE rank holders of 

1 to 50 

75% Tuition fee waiver 
for all the four years. 

VITEEE rank holders of 

51 to 100 

50% Tuition fee waiver 
for all the four years. 

VITEEE rank holders of 

101 to 1000 

25% Tuition fee waiver 
for all the four years. 


*Terms and Conditions Apply 


STARS (Supporting the advancement of Rural 
Students) 

To encourage more Tamil Nadu students to study in 
VIT, the university has been offering 100 percent waiver 
in tuition fees and exemption from hostel fee for two 
plus two toppers from each district in the state under 
the Supporting the Advancement of Rural Students 
(STARS) scheme. 

“This effort has been made to ensure that high scorers 
from each district who have poor economic background 
get their due and are given the best of educations”, said 
the Chancellor. 

Speaking about the need for reforms in higher education, 
Dr. G. Viswanathan. 
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Learning Media 



Subscribe to MTG magazines today. 

Our 2017 offers are here. Pick the combo 
best suited for your needs. Fill-in the 
Subscription Form at the bottom and 
mail it to us today. If in a rush, log on to 
www.mtg.in now to subscribe online. 

Vn cover price of ? 30/- each. 


About MTG's Magazines 

Perfect for students who like to prepare at a steady pace, MTG's 
magazines-Physics For You, Chemistry Today, Mathematics Today 
& Biology Today-ensure you practice bit by bit, month by month, 
to build all-round command over key subjects. Did you know 
these magazines are the only source for solved test papers of all 
national and state level engineering and medical college 
entrance exams? 



Trust of over 1 Crore readers since 1982. 


Practice steadily, paced month by 
month, with very-similar & model 
test papers 

Self-assessment tests for you to 
evaluate your readiness and 
confidence for the big exams 
Content put together by a team 


comprising experts and members 
from MTG's well-experienced 
Editorial Board 

Stay up-to-date with important 
information such as examination 
dates, trends & changes in syllabi 
All-round skill enhancement - 


confidence-building exercises, 
new studying techniques, time 
management, even advice from 
past JEE/PMT toppers 
Bonus: Exposure to competition 
at a global level, with questions 
from Inti. Olympiads & Contests 


SUBSCRIPTION FORM 


Please accept my subscription to: 

Note: Magazines are despatched by Book-Post on 4 th of every month (each magazine separately), 
yf Tick the appropriate box. 


PCMB combo 

J 1 yr: ? 1,000 _|2yr:?1,800 

(save ? 440) (save ? 1,080) 


PCM combo 

_11 yr: ^ 900 

(save?180) 

PCB combo 

_| 1 yr: ? 900 
(save? 180) 


_| 2 yr: ^ 1,500 

(save ? 660) 


_| 2yr:? 1,500 
(save ? 660) 


_| 3 yr: ^ 2,300 

(save? 2,020) 


_| 3 yr: ^ 1,900 

(save ? 1,340) 


_| 3 yr: ^ 1,900 

(save? 1,340) 


Individual magazines 


I Physics ■ Chemistry ■ Mathematics ■ Biology 


_| 1 yr: ? 330 
(save ? 30) 


_| 2 yr: ? 600 
(save? 120) 


_J 3 yr: ? 775 
(save? 305) 


Enclose Demand Draft favouring MTG Learning Media (P) Ltd, payable at New Delhi. 
You can also pay via Money Orders. Mail this Subscription Form to Subscription Dept., 
MTG Learning Media (P) Ltd, Plot 99, Sector 44, Gurgaon - 122 003 (HR). 


Want the magazines by courier; add the courier charges given below: 
j 1 yr: ? 240 J 2 yr: ? 450 _| 3 yr: ? 600 

Tick the appropriate box. 


_| Student 

Name:_ 


Class XI ■ XII 


_| Teacher _| Library _| Coaching 


Complete Postal Address:_ 


pm code nnnnnnM°biie#nnnnnnnnnn 

Other Phone # 




Email. 


E-mail subscription@mtg.in. Visit www.mtg.in to subscribe online. Call (0)8800255334/5 for more info. 
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